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Abstract

A probabilistic graphical model (PGM) is a formal mathematical description of a

problem domain. A Bayesian network (BN) is a PGM defined by a directed acyclic

graph (DAG) and a set of conditional probability tables (CPTs). Two tasks can be

employed when reasoning about a problem expressed as a BN: modeling and inference.

In modeling, we want to express the problem domain as a DAG in which indepen-

dencies among the variables involved can be read. There are two main algorithms

for testing independencies from a BN DAG, namely, d-separation and m-separation.

In this thesis, we begin by introducing Darwinian networks (DNs), which are, in

some way, a clearer representation of a BN. By using DNs, we derived a new way of

testing independencies in a BN, called rp-separation, which is a faster alternative to

d-separation. Another practical application of DNs was simple propagation, which is

the current state-of-the-art join tree inference algorithm in BNs.

A sum-product network (SPN) is another type of PGM defined by a DAG and a

set of parameters. An SPN permits tractable inference, while inference is generally

NP-hard in BNs. Furthermore, SPNs can be compiled from BNs or learned from data.

In this thesis, we first resolve the inconsistency between the SPN scope definition and

the CPT label when compiling a BN into an SPN. Next, we empirically explore new

methods for learning an SPN structure and parameters. Finally, we introduce deep

convolutional sum-product networks (DCSPNs), which use a convolutional neural net-

work to build a correct SPN. DCSPNs exploit the commonly used tensor libraries for

neural networks, while still guaranteeing correctness as a PGM. Experimental results

show that DCSPNs are comparable to state-of-the-art methods in image completion

tasks.
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Chapter 1

Introduction

Probabilistic models are a formal mathematical description for a probability distri-

bution. We can use a probabilistic model to perform reasoning in a problem domain

involving random variables. This technique is especially useful when making deci-

sions under uncertainty. A probabilistic graphical model (PGM) is the marriage of

probabilistic models and graph theory. Here, a graph is used to represent conditional

independencies holding in the probability distribution. Bayesian networks (BNs) [61]

and sum-product networks (SPNs) [70] are PGMs that we investigate in this thesis.

A problem domain can be modeled as a BN with a directed acyclic graph (DAG) and

the strengths of relationships are quantified by conditional probability tables (CPTs).

In an SPN, a problem domain is represented as a DAG containing three types of

nodes: leaf distributions, sums, and products.

In this thesis, we make 7 contributions (Chapters 3-4 and Chapters 8-10) in BNs

and SPNs by extending their problem domain modeling capabilities. These contribu-

tions are all published through 22 papers, which have been cited 43 times in total. In

particular, our deep convolutional sum-product networks paper, published in AAAI

2019 [5], has already been cited 3 times so far this year. In Chapter 3 Darwinian

networks (DNs) [7] are put forth to simplify working with BNs. A CPT P (X|Y ) is

viewed as a population p(X, Y ) with combative traits X and docile traits Y . More

generally, a BN is seen as a set of populations. In DNs, how populations adapt to

the deletion of other populations corresponds precisely with testing independencies

in BNs. Once abstract concepts like merge and replication are used to represent

multiplication, division, and addition, it readily follows that DNs can also repre-

sent variable elimination (VE) [84], arc-reversal (AR) [58, 73], and lazy propagation

1



(LP) [50]. Good elimination orderings, which are of practical importance, can be

computed in DNs. Besides providing a single platform for testing independencies,

performing inference, and determining good elimination orderings, we show how DNs

simplify d-separation [61], m-separation [46, 84], VE, AR, LP, and min-neighbours.

In Chapter 4, we show how min-neighbours (MN), min-weight (MW), min-fill

(MF), and weighted-min-fill (WMF) heuristics can be represented in DNs. More

importantly, we propose a new heuristic, called potential energy (PE), based on DNs

themselves. Our analysis of PE shows that it can: (i) better scoring of a variable; (ii)

better model the multiplication of the probability tables for the chosen variable; (iii)

more clearly model the marginalization of the chosen variable; and (iv) maintain a

one-to-one correspondence between the remaining variables and probability tables.

Relevant path separation (rp-separation) is introduced in Chapter 5 as a faster

method for testing independencies in BNs. The salient feature of rp-separation is

that it explores the intersection between the active and relevant parts of a BN. We

introduce the notion of a relevant path and establish that irrelevant paths are either

active paths that are doomed to become blocked or active paths that terminate before

reaching a variable of interest. Rather than exploring all active paths, rp-separation

displays impressive performance in practice by only exploring active paths that are

relevant. In real-world or benchmark BNs, rp-separation is faster in 17 of 19 cases

with an average time savings of 53%, culminating with being nearly twice as fast in

the largest BN.

In Chapter 6, we propose Symmetric d-Separation as the first d-separation

implementation that exploits the symmetry of probabilistic conditional independence.

Consider random variables X, Y , and Z. Since I(X, Y, Z) is equivalent to I(Z, Y,X)

by symmetry, the test can be answered by computing RZ , the nodes reachable from

Z along active paths with respect to Y , and then testing whether

RZ ∩X = ∅. (1.1)

It is important to realize that RX and RZ can contain different nodes and may have

distinct cardinalities. Our analysis of reachability highlights that v-structure [44]

nodes play an important role in this regard. More specifically, it may be better to

approach observed v-structure nodes from the bottom. Approaching an observed v-

structure node from a child blocks an active path, whereas an active path can continue
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when approaching an observed v-structure node from a parent. Hence, a measure,

called depth, is suggested to decide whether the search should run from start to goal

or from goal to start. One salient feature is that depth can be computed during the

pruning optimization step of finding the ancestor set of X ∪ Y ∪ Z. An empirical

comparison is conducted against a clever implementation of d-separation suggested

by [17], which we refer to as Darwiche. The experimental results are promising in

two aspects. The effectiveness increases with network size, as well as with the amount

of observed evidence, culminating with an average time savings of 9% in the 9 largest

BNs used in our experiments.

Two theoretical SPN contributions are given in Chapter 8. Our first contribution

is a new scope definition that suits the AC interpretation of an SPN. This definition

considers the fact that ACs are compiled from Bayesian networks. Thus, the random

variables at the leaf nodes come from probabilities in Bayesian network conditional

probability tables. The scope of the leaf nodes then are labeled according to the

variables in the conditional probability tables. The scope of a sum node removes

one random variable from the union of the scope of its children. This reflects the

interpretation of sum nodes as being marginalization. The scope of a multiplication

node is the union of its children’s scope. We establish that the completeness property

of SPN can be defined under the AC interpretation of scope. Unfortunately, consis-

tency and decomposability can not be applied using this scope definition, meaning

that the definition can not be used for verifying tractability of an SPN. Moreover, the

proposed scope definition for ACs can be non-intuitive for leaf nodes under a mixture

model interpretation. For example, the scope of a leaf node can consider variables

that are not random variables for an SPN leaf node, yet appear in a conditional prob-

ability table from the Bayesian network. The second contribution of this chapter is

a novel scope definition with two advantages. First, it can be used when defining all

three SPN properties. Second, it addresses the counter-intuitive points in both the

mixture model and AC interpretations. Here, we define the scope of sum nodes more

intuitively from an AC point of view by treating them as marginalization. Hence, the

scope of sum nodes removes one random variable from the union of the scope of its

children. Moreover, we make the scope of leaf nodes more intuitive from a mixture

model point of view by only considering variables that are random variables for the

SPN leaf node. Since both mixture models and ACs can be compiled into SPNs,
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the new scope definition improves the understanding of SPNs for different research

communities, while still guaranteeing tractable inference during learning.

In Chapter 9, we perform an empirical study of LearnSPN. We consider g-

test and mutual information for chopping and k-means and GMMs for slicing. Our

experiments, conducted on 20 real-world datasets, suggest that the deepest SPNs

tend to be learned when using mutual information for chopping and k-means for

slicing. Second, our results show that the pair of g-test and GMM tend to yield

the most accurate SPNs, especially on larger datasets. These results suggest that

the particular combination of mutual information and k-means may suffer especially

from overfitting [80]. Lastly, we examine the sparseness of the learned SPN. Our

experiments show that the pair of g-test and GMM often yield SPNs with fewer edges.

This knowledge is beneficial to SPN learning algorithms that penalize networks with

more edges [48]. Our findings can have far reaching influence, since SPNs have been

applied in image completion [25, 65, 70], computer vision [1], classification [30], and

speech and language modeling [12, 67]. Thereby, this study extends the deep learning

literature in both practical and theoretical directions.

Deep convolutional sum-product networks (DCSPNs) are introduced in Chapter

10. DCSPNs permit the convolutional and sum-pooling layers to form rich DAG

structures by augmenting layer tensors under conditions that maintain decomposabil-

ity and completeness. As a decomposable and complete SPN is a valid SPN, our main

result is that DCSPNs are a larger subclass of CNNs that define valid SPNs. DCSPNs

are a rigorous probabilistic model. As such, they can exploit probabilistic reasoning,

including marginal inference and most probable explanation (MPE) inference. This al-

lows an alternative method for learning DCSPNs using vectorized differentiable MPE.

We show how to vectorize MPE using a mask algorithm and how it plays a role similar

to the GANs generator. Image sampling is yet another application demonstrating the

robustness of DCSPNs. This involves a minor modification to the mask algorithm.

Our preliminary results on image sampling are promising, since the DCSPN sampled

images exhibit variability. Experimental results on left- and bottom-completion like

those in Table 10.1 show DCSPNs achieve state-of-the-art by building deeper struc-

tures using both vertical and horizontal sum-pooling windows, which leverage local

structure in the image data in both directions. Applying a simple low pass filter as

a post-processing smoothing operation lowers the mean squared error (MSE) score
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from 910 to 802 for left-completion in Olivetti.
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Chapter 2

Bayesian Networks

Let U = {v1, v2, . . . , vn} be a finite set of variables, each with a finite domain,

and V be the domain of U , that is the cartesian product of the domain of variables

v1, v2, . . . , vn. Let B denote a directed acyclic graph (DAG) on U . A directed path

from v1 to vk is a sequence v1, v2, . . . , vk with arcs (vi, vi+1) in B, i = 1, 2, . . . , k − 1.

For each vi ∈ U , the ancestors of vi, denoted An(vi), are those variables having a

directed path to vi, while the descendants of vi, denoted De(vi), are those variables

to which vi has a directed path. For a set X ⊆ U , we define An(X) and De(X) in

the obvious way. The children Ch(vi) and parents Pa(vi) of vi are those vj such that

(vi, vj) ∈ B and (vj, vi) ∈ B, respectively. An undirected path in a DAG is a path

ignoring directions. A path in an undirected graph is defined similarly. A singleton

set {v} may be written as v, {v1, v2, . . . , vn} as v1v2 · · · vn, and X ∪ Y as XY .

2.1 Modeling

d-Separation [61] tests independencies in DAGs and can be presented as fol-

lows [17]. Let X, Y , and Z be pairwise disjoint sets of variables in a DAG B. We say

X and Z are d-separated by Y , denoted IB(X, Y, Z), if at least one valve on every

undirected path between X and Z is closed. There are three kinds of valves v: (i) a

sequential valve means v is a parent of one of its neighbours and a child of the other;

(ii) a divergent valve is when v is a parent of both neighbours; and, (iii) a convergent

valve is when v is a child of both neighbours. A valve v is either open or closed.

A sequential or divergent valve is closed, if v ∈ Y . A convergent valve is closed, if

(v ∪ De(v)) ∩ Y = ∅. For example, suppose X = a, Y = c, and Z = f in DAG B
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(i)

f

d e

cb

ag

h

(ii)

f

d e

cb

ag

(iv)

f

e

cb

ag

(iii)

f

d e

cb

ag

Figure 2.1: (i) A DAG B. (ii) Sub-DAG Bs. (iii) Moralization Bs
m. (iv) Bs

m with d
and its edges deleted.

depicted in Figure 2.1 (i). To test IB(a, c, f) there are two undirected paths from a

to f . On the path (a, c), (c, e), (e, f), valve c is closed, since c is a sequential valve

and c ∈ Y . Valve d is closed on the other path, since d is a convergent valve and

{d, h} ∩ Y = ∅. As both paths from a to f have a closed valve, IB(a, c, f) holds.

m-Separation [46, 84] is another method for testing independencies in DAGs, and

is equivalent to d-separation. Let X, Y , and Z be pairwise disjoint sets of variables

in a DAG B. Then m-separation tests IB(X, Y, Z) with four steps: (i) construct the

sub-DAG of B induced by XY Z ∪ An(XY Z), yielding Bs; (ii) construct the moral

graph [47] of Bs, denoted Bs
m, by adding an undirected edge between each pair of

parents of a common child and then dropping directionality; (iii) delete Y and its

incident edges; and (iv) if there exists a path from any variable in X to any variable

in Z, then IB(X, Y, Z) does not hold; otherwise, IB(X, Y, Z) holds. For example, in

Figure 2.1, to test IB(a, d, f) in B of (i), the sub-DAG Bs is in (ii). Bs
m is shown in

(iii). Removing d and incident edges gives (iv). Since there exists a path from a to

f , IB(a, d, f) does not hold.

A potential on V is a function φ such that φ(v) ≥ 0 for each v ∈ V , and at least

one φ(v) > 0. A uniform potential on V is a function 1 that sets 1(v) = 1/k, where

v ∈ V , k = |V | and | · | denotes set cardinality. Henceforth, we say φ is on U instead

of V . A joint probability distribution is a potential P on U , denoted P (U), that sums

to one. For disjoint X, Y ⊆ U , a conditional probability table (CPT) P (X|Y ) is a

potential over XY that sums to one for each value y of Y .
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(i)

f

g e

h

ba

dc

(ii)

e

h

ba

dc

(iii)

e

h

b

dc

(iv)

e

h

b

dc

Figure 2.2: [84] Given query P (e|b = 0) posed to BN B in (i), pruning barren variables
g and f in (ii) and independent by evidence variable a in (iii). (iv) is Bs

m.

A Bayesian network (BN) [61] is a DAG B on U together with CPTs

P (v1|Pa(v1)), P (v2|Pa(v2)), . . ., P (vn|Pa(vn)). For example, Figure 2.2 (i) shows

a BN, where CPTs P (a), P (b|a), . . . , P (g|e, f) are not shown.

We call B a BN, if no confusion arises. The product of the CPTs for B on U is

a joint probability distribution P (U). The conditional independence [61] of X and Z

given Y holding in P (U) is denoted I(X, Y, Z). It is known that if IB(X, Y, Z) holds

by d-separation (or m-separation) in B, then I(X, Y, Z) holds in P (U).

2.2 Inference

Variable elimination (VE) [84] computes P (X|Y = y) from a BN B as follows: (i)

all barren variables are removed recursively, where v is barren [84], if Ch(v) = ∅ and

v 6∈ XY ; (ii) all independent by evidence variables are removed, giving Bs, where v

is an independent by evidence variable, if I(v, Y,X) holds in B by m-separation; (iii)

build a uniform distribution 1(v) for any root of Bs that is not a root of B; (iv) set Y

to Y = y in the CPTs of Bs; (v) determine an elimination ordering σ from the moral

graph Bs
m; (vi) following σ, eliminate variable v by multiplying together all potentials

involving v, and then summing v out of the product; and, (vii) multiply together

all remaining potentials and normalize to obtain P (X|Y = y). For example [84],

in Figure 2.2, given P (e|b = 0) and BN B in (i), g and f are barren (ii) and a is

independent by evidence (iii) for steps (i) and (ii). In steps (iii) and (iv), VE builds
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(i)

dc

ba

dc

ba

(ii)

dc

b

(iv)

dc

ba

(iii)

Figure 2.3: Applying AR in (2.6)-(2.10) to eliminate a.

1(b) and updates P (h|b) as P (h|b = 0). Step (v) can determine σ = (c, d, h) from Bs
m

shown in (iv). Step (vi) computes (step (vii) is discussed later):

P (c, e|d, h) = P (c|h) · P (e|c, d), (2.2)

P (e|d, h) =
∑
c

P (c, e|d, h), (2.3)

P (e|h) =
∑
d

P (d|h) · P (e|d, h), (2.4)

P (e|b = 0) =
∑
h

P (h|b = 0) · P (e|h). (2.5)

Arc-reversal (AR) [58, 73], unlike VE’s step (vi), eliminates variable vi by reversing

the arc (vi, vj) between vi and each child vj in Ch(vi). In order to reverse arc (vi, vj),

De(vi) ∩ An(vj) = ∅ must hold. For example, to eliminate variable a in Figure 2.3

(i), AR must reverse (a,d) in (ii), and then (a,c) in (iii), giving (iv), as:

P (a, d|b) = P (a) · P (d|a, b), (2.6)

P (d|b) =
∑
a

P (a, d|b), (2.7)

P (a|b, d) = P (a, d|b) / P (d|b), (2.8)

P (a, c|b, d) = P (a|b, d) · P (c|a, d), (2.9)

P (c|b, d) =
∑
a

P (a, c|b, d). (2.10)

Lazy propagation (LP) [50] computes the posterior probabilities for each non-

evidence variable using a join tree, denoted T , which is constructed from a BN B.

A join tree [75] is a tree with sets of variables as nodes, and with the property

that any variable in two nodes is also in any node on the path between the two.

Evidence on a variable v decreases the domain of each potential with v in its domain
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by v [50]. LP consists of two phases of message passing, an inward phase from the

leaf nodes to a chosen root node, and then an outward phase from the root back

out to the leaves. Before a node can send its message to a neighbour, it must first

receive messages from all its other neighbours. A node N computes its messages

to a particular neighbour N
′

as follows: (i) d-separation is applied on B to remove

irrelevant potentials; (ii) potentials for barren variables are removed; and (iii) any

remaining variables in N − N ′
are marginalized away similar to VE step (vi). The

root node can compute posterior probabilities of its variables when the inward phase

terminates. All nodes can compute posterior probabilities of their variables when the

outward phase completes.

Consider join tree T in Figure 2.4 with BN B understood from the CPTs. Let

h = 0 and node {i, j, k} be the root. Node {d, f, g}, for instance, must wait to send its

message to node {b, g, h, i, j} until has received messages from nodes {c, d} and {e, f}.
It computes message P (g) in step (iii) by marginalizing d and f from P (d), P (f) and

P (g|d, f). Upon receiving P (g), and P (b) from node {a, b}, {b, g, h, i, j} computes

its message to {i, j, k} as follows. In (i), I(bg, h, ijk) holds in B by d-separation,

meaning that P (b), P (g) and P (h = 0|b, g) can be safely removed, and P (i|h = 0)

and P (j|h = 0) are passed to {i, j, k}. At node {k, l}, l is barren in step (ii). The

outward phase follows.

10



i,j,k

{P(l|k)}

k,l{P(k|i,j)}

{P(g|d,f)} {P(e), P(f|e)}

d,f,g e,f

{P(a), P(b|a)}

a,b b,g,h,i,j {P(h=0|b,g), P(i|h=0), P(j|h=0)}

P(h=0|d)

P(d)

P(h=0|f)

P(f)

P(h=0|b)

P(b)

P(k|h=0)

1.0

P(g) P(h=0|g)

P(i|h=0), P(j|h=0) 1.0

c,d

{P(c), P(d|c)}

Figure 2.4: LP message passing with evidence h = 0.
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Chapter 3

Darwinian Networks

Many different platforms, techniques and concepts can be employed while model-

ing and reasoning with Bayesian networks (BNs) [61]. A problem domain is modeled

initially as a directed acyclic graph (DAG), denoted B, and the strengths of rela-

tionships are quantified by conditional probability tables (CPTs). Independencies are

tested in B using d-separation [61] or m-separation [46, 84]. Reasoning with a BN can

be done using B, including inference algorithms such as variable elimination (VE) [84]

and arc-reversal (AR) [58, 73], or with a secondary structure called a join tree and

denoted T , as in lazy propagation (LP) [50]. Considering exact inference in discrete

BNs, a common task, called belief update, is to compute posterior probabilities given

evidence (observed values of variables). Before performing number crunching, two

kinds of variables can safely be removed, namely, barren variables [84] and what we

call independent given evidence variables [84, 50]. LP and VE treat the removal of

these variables as separate steps. Furthermore, LP and VE involve multiple plat-

forms. LP conducts inference on T and test independencies in B. VE first prunes

barren variables from a DAG B, giving a sub-DAG Bs, and then prunes independent

by evidence variables from the moralization [47] of Bs, denoted Bs
m. VE can also use

Bs
m to determine an elimination ordering [42] using the min-neighbours [44] heuristic.

By adapting a few well-known concepts in biology [11, 15, 18, 20, 21], all of the above

can be unified into one platform to be denoted D.

Darwinian networks (DNs) [7] are put forth to simplify working with BNs. A

CPT P (X|Y ) is viewed as a population p(X, Y ) with combative traits X and docile

traits Y . More generally, a BN is seen as a set of populations. In DNs, how popu-

lations adapt to the deletion of other populations corresponds precisely with testing
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independencies in BNs. Once abstract concepts like merge and replication are used

to represent multiplication, division, and addition, it readily follows that DNs can

also represent VE, AR, and LP. Good elimination orderings, which are of practi-

cal importance, can be computed in DNs. Besides providing a single platform for

testing independencies, performing inference, and determining good elimination or-

derings, we show how DNs simplify d-separation, m-separation, VE, AR, LP, and

min-neighbours.

The theoretical foundation of DNs is provided in full. We show how DNs can rep-

resent LP. It is demonstrated how DNs can represent chain graph models (CGMs) [44],

which are an extension of BNs, as well relational databases, a non-Bayesian frame-

work for data management. Also, we highlight the robustness of DNs by reviewing

how DNs can determine good elimination orderings. Practical benefits of DNs include

faster algorithms for inference and modeling.

Related works include [22, 23, 32]. Gogate and Domingos [32] focus on unifying

approximate inference, whereas our focus is exact. Dechter [22, 23] has already given

bucket elimination as an elegant framework for unifying inference. We extend this

line of investigation to topics not yet unified, including testing independencies, de-

termining good elimination orderings, and representing extended and non-Bayesian

frameworks.

3.1 Darwinian Networks

We provide a gentle introduction to the main concepts of Darwinian networks,

and then formally discuss the central tasks of adaptation and evolution.

3.1.1 Introduction

We motivate the introduction of Darwinian networks by underscoring the fuzziness

in representing BN CPTs with undirected graphs.

Example 1. Consider the undirected edge (a, b) between two variables a and b. The
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a b a

(i)

b a

(ii)

b a b

(iii)

a b

(iv)

Figure 3.1: Unique graphical representations of (3.11)-(3.14), respectively.

set of CPTs represented by this edge is not unique and possibly could include:

{P (a), P (b|a)}, (3.11)

{P (b|a)}, (3.12)

{P (b), P (a|b)}, (3.13)

and

{P (a|b)}. (3.14)

To avoid the ambiguity highlighted in Example 1, we sought a new graphical

representation of CPTs that would maintain a one-to-one correspondence between

the graph and the set of CPTs.

Given a CPT P (X|Y ), each variable in X is represented by a white circle. Each

variable in Y is represented by a black circle. A closed curve encloses all circles for

X and Y . A set of CPTs is enclosed in a dashed closed curve.

Example 2. The four sets of CPTs in (3.11)-(3.14) are represented in Figure 3.1

(i)-(iv), respectively.

Observe that there is a clear one-to-one correspondence between (3.11)-(3.14) and

Figure 3.1 (i)-(iv).

We also seek to clearly model operations on CPTs. For example, consider the

multiplication of CPTs P (a) and P (b|a), yielding CPT P (a, b):

P (a, b) = P (a) · P (b|a). (3.15)
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b
aa b a ⇒

(i)

a b
b
a b ⇒

(ii)

Figure 3.2: (i) Graphically representing the multiplication in (3.15). (ii) Graphically
representing the division in (3.16).

Or consider the division of CPT P (a, b) by CPT P (b), giving CPT P (a|b):

P (a|b) = P (a, b)/P (b). (3.16)

The multiplication in (3.15) and the division in (3.16) can be readily modeled in

Figure 3.2 based upon the following colour combinations:

◦ ◦ ⇒ •
◦ • ⇒ ◦
• ◦ ⇒ ◦
• • ⇒ •

Marginalization is another important operation needed to be modeled. For exam-

ple, consider the marginalization of variable a from the CPT P (a, b|c):

P (b|c) =
∑
a

P (a, b|c). (3.17)

The marginalization in (3.17) can be conveniently represented in Figure 3.3. Here, two

steps are used. First, the representation of the CPT P (a, b|c) in Figure 3.3 (i) makes

an imperfect copy of itself, as depicted in Figure 7 (ii). Second, the representation of

the original CPT P (a, b|c) is removed, as illustrated in Figure 3.3 (iii).

Upon reflection, Figures 3.1-3.3 take on a biological feel. Consequently, these

concepts are named according to biological terms that a layperson may be familiar

with. The graphical representation of a CPT is called a population. The circles within

a population are called traits. A white trait is combative, while a black trait is docile.
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(i)

a c

b

(ii)

a c

b
b c

(iii)

b c

Figure 3.3: Graphically representing the marginalization of variable a in (3.17).

Note that a combative trait reflects a variable on the left side of the conditioning bar

in a CPT, whereas a docile trait reflects a variable on the right side of the conditioning

bar in a CPT. By merge, we mean the process of combining two populations. Thus,

merge graphically represents multiplication and division of CPTs. Lastly, the process

of making a copy of a population is called replication, and the removal of populations

is done by natural selection. We formalize these ideas in the next subsection.

3.1.2 Adaptation

Darwinian networks are a graphical model. The most basic unit in a Darwinian

network is a trait.

Definition 3.1. A trait, denoted t, is a named element.

A trait is depicted by a circle along with its name t. A named circle can be either

black or white. A white circle depicts a combative trait, denoted tc. A black circle

depicts a docile trait, denoted td.

Definition 3.2. A population, denoted p(C,D), contains a non-empty set CD of

traits, where C and D are disjoint, C is exclusively combative, and D is exclusively

docile.

A population is depicted by a closed curve around its traits. For example, Figure

3.4 (i) shows eight populations, including p(b, ag), short for p({b}, {a, g}), illustrated

with a closed curve around the (white) combative trait b and two (black) docile traits

a and g.

Definition 3.3. A Darwinian network (DN), denoted D, is a finite, multiset of pop-

ulations.
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A DN D is depicted by a dashed closed curve around its populations. For example,

Figure 3.4 (i) depicts a DN D = {p(a), p(b, ag), p(c, a), p(d, be), p(e, c), p(f, e), p(g),

p(h, d)}, where p(C, ∅) is succinctly written p(C).

All combative traits in a given DND are defined as Tc(D) = {tc | tc ∈ C, for at least

one p(C,D) ∈ D}. All docile traits in D, denoted Td(D), are defined similarly. For

example, considering DN D in Figure 3.4 (i), then Tc(D) = {ac, bc, cc, dc, ec, fc, gc, hc}.
In addition, Td(D) = {ad, bd, cd, dd, ed, gd}.

Populations are classified based upon characteristics of their traits. For adap-

tation, barren populations need only to be classified. Later, for evolution, we will

extend the classification.

Given two DNs D and D′
, let tc be a trait in Tc(D). Trait tc is strong, if tc ∈ Tc(D′

);

otherwise, tc is weak. Trait tc is relict, if td 6∈ Td(D). The notions of strong, weak,

and relict are defined analogously for td.

Given DNs D and D′
, a population p(tc, D) is barren in D, if tc is relict, and

both tc and td are weak. For example, consider the DNs D in Figure 3.4 (i) and

D′
= p(acf) in Figure 3.4 (v). Population p(d, be) is not barren, since dc is not relict.

Population p(h, d) is barren, since hc is relict, and hc and hd are weak.

(vi)
a

c a

e c

f e

e
d b

g
b a

g
(vii)

a

c a

e c

f e

e
d b

g
b a

g

g
a

e
b

(viii)
a

c a

e c

f e

g
b a

g

g
a

e
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e
c

g
f

b
a

(ix) (x)

f
d
a

(i)
a

c a

e c

f e

e
d b

g
b a

g

h d

(iv)

f
e c

a

(v)

f
c
a

a

c a

e c

f e

(ii)
a

e c

f e

(iii)

Figure 3.4: Testing adaptation twice in the DN D in (i).
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In adaptation, natural selection removes recursively all barren populations from a

DN D with respect to another DN D′
.

Example 3. Referring to Figure 3.4, let us apply natural selection on the DN D in (i)

with respect to DN D′
in (v). First, barren population p(h, d) is removed. Population

p(d, be) now is barren, since dc is relict, and dc and dd are weak. Natural selection

removes p(d, be) and, in turn, p(b, ag) and p(g), giving (ii).

Docilization of a DN D adds p(∅, D) to D, for every population p(C,D) in D with

|D| > 1. For example, the docilization of Figure 3.4 (ii) is itself, while the docilization

of Figure 3.4 (vi) adds populations p(∅, ag) and p(∅, be), giving Figure 3.4 (vii).

To delete a population p(C,D) from a DN D is to remove all occurrences of it

from D. For example, the deletion of p(c, a) from Figure 3.4 (ii) gives Figure 3.4 (iii).

Two populations merge together as follows: for each trait t appearing in either

population, if t is combative in exactly one of the two populations, then t is com-

bative in the merged population; otherwise, t is docile. For example, the merge of

populations p(e, c) and p(f, e) in Figure 3.4 (iii) is population p(ef, c) in Figure 3.4

(iv).

Let PX , PY , and PZ be pairwise disjoint subsets of populations in a DN D and let

DN D′
= p(C), where C = Tc(PXPYPZ). We test the adaptation of PX and PZ given

PY , denoted A(PX ,PY ,PZ), in D with four simple steps: (i) let natural selection act

on D with respect to D′
, giving Ds; (ii) construct the docilization of Ds, giving

Ds
m; (iii) delete p(C,D) from Ds

m, for each p(C,D) in PY ; and, (iv) after recursively

merging populations sharing tc and td, if there exists a population containing both a

combative trait in Tc(PX) and a combative trait in Tc(PZ), then A(PX ,PY ,PZ) fails;

otherwise, A(PX ,PY ,PZ) succeeds.

Example 4. Let us test A(p(a), p(c, a), p(f, e)) in the DN D of Figure 3.4 (i), where

PX = p(a), PY = p(c, a), and PZ = p(f, e). As Tc({p(a), p(c, a), p(f, e)}) = {ac, cc, fc},
we obtain the DN D′

= p(acf) in Figure 3.4 (v). In step (i), natural selection gives

Ds in Figure 3.4 (ii). In step (ii), docilization of Ds gives Ds
m in Figure 3.4 (ii). In

step (iii), the deletion of p(c, a) from Ds
m gives Figure 3.4 (iii). Recursively merging

populations in step (iv) yields Figure 3.4 (iv). As no population in Figure 3.4 (iv)

contains ac in Tc(p(a)) and fc in Tc(p(f, e)), A(p(a), p(c, a), p(f, e)) succeeds.
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Example 5. Let us now test A(p(a), p(d, be), p(f, e)) in the DN D of Figure 3.4 (i).

In this case, DN D′
= p(adf) is shown in Figure 3.4 (x). In step (i), natural selection

removes barren population p(h, d) as shown in Figure 3.4 (vi). In step (ii), docilization

of Figure 3.4 (vi) gives Figure 3.4 (vii). In step (iii), p(d, be) is deleted as depicted

in Figure 3.4 (viii). Recursively merging populations in step (iv) yields Figure 3.4

(ix). By definition, A(p(a), p(d, be), p(f, e)) fails, since the population in Figure 3.4

(ix) contains ac and fc.

3.1.3 Evolution

As promised, population classification is extended.

Let PY = {p(tc, D) | p(tc, D) ∈ D and td ∈ D′} and PZ = {p(tc, D) | p(tc, D) ∈ D
and tc ∈ C

′}, given DNs D and D′
= p(C

′
, D

′
). In D, p(tc, D) is independent,

if A(p(tc, D),PY ,PZ) succeeds, and is evident, if td is strong, and D is all relict.

Population p(C,D) in a DN D is spent, if there exists p(C
′
, D) in D such that C

′ ⊂ C

and C − C ′
is all relict. In Figure 3.5, with D in (ii) and D

′
= p(e, b) in (xiii), p(a)

is independent as A(p(a), p(b, a), p(e, cd)) succeeds, where PY = p(b, a) and PZ =

p(e, cd). In D of (iii) and D
′

of (xiii), p(b, a) is evident as bd is strong, and ad is relict.

In D of (vi), p(ce, dh) is spent as p(e, dh) is in D and cc is relict.

New populations can be created in a DN as follows. Replication of a population

p(C,D) gives p(C,D), as well as any set of populations p(C
′
, D), where C

′ ⊂ C. For

instance, replication of p(ce, dh) in Figure 3.5 (v) can yield p(ce, dh) and p(e, dh) in

Figure 3.5 (vi).

The evolution of a DN D into a DN D′
occurs by natural selection removing recur-

sively all barren, independent, and spent populations, merging existing populations,

and replicating to form new populations.

Example 6. In Figure 3.5, consider one explanation of the evolution of D in (i)

into D′
= p(e, b) in (xiii). Natural selection removes barren populations p(g, ef) and

p(f, a), yielding (ii). Next, natural selection removes independent population p(a),

giving (iii), and evident population p(b, a), yielding (iv). Then, p(c, h) and p(e, cd)

merge to form p(ce, dh) in (v). Replication gives (vi). The rest of the example involves

natural selection (vii), merge (viii), replication (ix), natural selection (x), merge (xi),

replication (xii), and natural selection (xiii), leaving D′
with population p(e, b).
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Figure 3.5: Graphically representing VE’s computation.

3.2 Testing independencies

Testing independencies in BNs can be seen as testing adaptation in DNs. d-

Separation can use specialized terminology not referenced in inference such as open

sequential valves and closed divergent valves. In contrast, no specialized concepts are

used in adaptation. And whereas m-separation requires DAGs, sub-DAGs, and moral

graphs, adaptation uses but one platform.

D = {p(v, Pa(v)) | P (v|Pa(v)) is in B} is the DN for a given BN B. Conversely,

the directed graph (or simply graph) G(D) of a DN D has variables Tc(D) and arcs

{(vi, vj) | p(C,D) ∈ D and vi ∈ D and vj ∈ C}. The undirected graph U(D) of a DN

D has variables Tc(D) and edges {(vi, vj) | p(C,D) ∈ D and vi, vj ∈ CD}.

Lemma 1. Every BN B can be represented as a DN D.

Proof. Let D = {p(v, Pa(v))|P (v|Pa(v)) is in B}. By definition, D is a DN.

Example 7. Consider the BN B in Figure 2.2 (i). As Lemma 1 guarantees, B
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can be represented as the DN D in Figure 3.5 (i), where the CPT P (g|e, f) in B is

represented as population p(g, ef) in D.

Lemma 2. Let D be the DN for a BN B. Then the graph of D is B, that is, G(D) = B.

Proof. Let U be the set of variables in B. Each variable v ∈ U has exactly one CPT

P (v|Pa(v)) in B. Now, by construction, D contains the population p(v, Pa(v)), for

each v ∈ U . Therefore, the combative traits of D are exactly the variables in U , i.e.,

Tc(D) = U .

Consider any arc (vi, vj) in B. By definition, vi ∈ Pa(vj). By construction, the

population corresponding to the CPT P (vj|Pa(vj)) is p(vj, Pa(vj)). Thus, vi is a

docile trait in p(vj, Pa(vj)). Hence, (vi, vj) is an arc in G(D). A similar argument

shows that every arc (vi, vj) in G(D) is an arc in B. Thus, the arcs of B are exactly

the arcs of G(D).

Example 8. Consider the DN D in Figure 3.5 (ii). The graph G(D) is B in Figure

2.2 (ii).

Let D be the DN for a BN B on U . The populations for W ⊆ U , denoted PW , are

PW = {p(C,D) | p(C,D) ∈ D and C ⊆ W}. Thus, given pairwise disjoint subsets

X, Y , and Z in B, it is necessarily the case that PX , PY , and PZ are pairwise disjoint

populations in D.

Lemma 3. Let Bs be the sub-DAG constructed from a BN B in step (i) of testing the

independence I(X, Y, Z) using m-separation. Then Bs = G(Ds), where Ds is the DN

constructed in step (i) of testing A(PX ,PY ,PZ) in the DN D for B.

Proof. If U = (XY Z ∪ An(XY Z)), then Bs = B and Ds = D. The claim follows

from Lemma 2. Thus, let W = U − (XY Z ∪ An(XY Z)) be non-empty. Since B is

a DAG, there necessarily exists a variable vj ∈ W that is a leaf in B. Thus, vj will

be pruned in step (i) of m-separation. Now consider the population p(vj, Pa(vj)) in

D corresponding to vj. Let us denote vj by t. Trait t does not appear in any other

population in D because variable vj only appears in the CPT P (vj|Pa(vj)). Hence,

t is relict. Moreover, both tc and td do not appear in the DN D′ = {p(XY Z)}, since

variable vj /∈ XY Z. By definition, tc and td are weak. Then, by definition, population

p(vj, Pa(vj)) is barren. Natural selection will then remove it from D.
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The removal of variable vj and its incident edges from B necessarily yields a sub-

DAG B′ on U − vj. If W − vj is non-empty, there must exist a variable in W − vj
that is a leaf in B′. A similar argument as above holds to remove recursively all

variables in W and the corresponding populations from D. Thus, the populations in

Ds correspond exactly to the CPTs defining Bs. By Lemma 2, G(Ds) = Bs.

Example 9. Step (i) of m-separation when testing IB(a, d, f) in the BN B of Figure

2.1 (i) constructs the sub-DAG Bs in Figure 2.1 (ii). On the other hand, step (i)

of adaptation when testing A(p(a), p(d, be), p(f, e)) in the DN D in Figure 3.4 (i)

constructs the DN Ds in Figure 3.4 (vi). As guaranteed by Lemma 3, Bs = G(Ds).

Lemma 4. Bs
m = U(Ds

m), where Bs
m is the moralization of Bs in Lemma 3 and Ds

m

is the docilization of Ds in Lemma 3.

Proof. Moralization of sub-DAG adds an undirected edge between each pair of parents

of a common child and then drops directionality. Let vi and vj be parents of a common

child vk in Bs
m. Then, undirected edge (vi, vj) appears in the moralization Bs. Now,

vi, vj ∈ Pa(vk). Thus, vi and vj are docile traits in the population p(vk, Pa(vk)) in

Ds corresponding to the CPT P (vk|Pa(vk)). By definition, the docilization Ds
m of

Ds includes population p(∅, Pa(vk)), since |Pa(vk)| > 1. In turn, this means that

the undirected edge (vi, vj) appears in U(Ds
m), since an edge (vi, vj) is added when

p(C,D) ∈ D and vi, vj ∈ CD. A similar argument shows that every undirected edge

(vi, vj) ∈ U(Ds
m) also is an undirected edge in Bs

m. Therefore, Bs
m = U(Ds

m).

Example 10. Recall the moralization Bs
m in Figure 2.1 (iii) and the docilization Ds

m

in Figure 3.4 (vii), when testing IB(a, d, f) and A(p(a), p(d, be), p(f, e)), respectively.

As Lemma 3 guarantees, Bs
m = U(Ds

m).

Lemma 5. The undirected graph of the DN obtained by deleting the populations in

PY from Ds
m is the same graph obtained by deleting Y and its incident edges from

Bs
m, where Ds

m and Bs
m are in Lemma 4.

Proof. The deletion of Y and its incident edges from Bs
m removes all variables in Y

and all edges involving Y . In DNs, PY = {p(C,D) | p(C,D) ∈ D and C ⊆ Y }.
Thus, deleting PY from Ds

m, denoted Ds
m − PY , removes precisely those populations

p(v, Pa(v)) corresponding to the CPTs of the variables in Y . Since only the combative
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traits in Ds
m −PY are the variables in U(Ds

m −PY ), the variables are the same as in

Bs
m after deleting Y . This also means that no edge can involve a variable of Y in the

undirected graph U(Ds
m − PY ). Since U(Ds

m) is the same as Bs
m, and U(Ds

m − PY )

deletes Y and its incident edges, it follows that U(Ds
m −PY ) is the same as Bs

m with

Y and its incident edges removed.

Example 11. When testing A(p(a), p(d, be), p(f, e)), deleting population p(d, be) in

PY from Figure 3.4 (vii) gives Figure 3.4 (viii). The undirected graph of the DN

in Figure 3.4 (viii) is Figure 2.1 (iv). This is the same graph obtained by deleting

variable d and incident edges from Bs
m in Figure 2.1 (iii) in testing IB(a, d, f) using

m-separation.

Theorem 3.1. [7] I(X, Y, Z) holds in a BN B if and only if A(PX ,PY ,PZ) succeeds

in the DN D for B.

Proof. (⇒) Suppose I(X, Y, Z) holds in a BN B. Let Bs be constructed in step (i) of

m-separation when testing I(X, Y, Z). Let Bs
m be the moralization of Bs in step (ii) of

m-separation. Let D be the DN for B. Let Ds be constructed in step (i) of adaptation

when testing A(PX ,PY ,PZ) in D. Let Ds
m be the docilization of Ds in step (iii) of

adaptation. By Lemma 1 and Lemma 2, G(D) = B. By Lemma 3, G(Ds) = Bs. By

Lemma 4, U(Ds
m) = Bs

m. By Lemma 5, the undirected graph of the DN obtained by

deleting the populations in PY from Ds
m is the same graph obtained by deleting Y

and its incident edges from Bs
m. By assumption, there is no path from a variable in X

to a variable in Z after deleting Y and its incidents edges from Bs
m. By construction,

the recursive merging process in step (iv) of adaptation corresponds precisely with

path existence in step (iv) of m-separation. Hence, there is no population containing

both a combative trait in Tc(PX) and a combative trait in Tc(PZ). By definition,

A(PX ,PY ,PZ) succeeds.

(⇐) Follows in a similar fashion as for (⇒).

Theorem 3.1 indicates that testing adaptation in DNs can be used to test inde-

pendencies in a BN B replacing d-separation and m-separation.

Example 12. IB(a, c, f) holds by d-separation in Figure 2.1 (i) and A(p(a), p(c, a), p(f, e))

succeeds in Example 4. Similarly, IB(a, d, f) does not hold in Figure 2.1 (i) by m-

separation and A(p(a), p(d, be), p(f, e)) fails as shown in Example 5.
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3.3 Performing Inference

BN inference using VE, AR, and LP is unified and simplified using DN evolution.

Recall how VE computes query P (e|b = 0) posed to the BN B in Figure 2.2 (i).

Referring to Figure 3.5, B is D in (i), while P (e|b = 0) is DN D′
in (xiii). The removal

of barren populations p(g, ef) and p(f, a) in (ii) corresponds to VE pruning barren

variables g and f in Figure 2.2 (ii). Natural selection removes independent population

p(a) in (iii) and VE removes independent by evidence variable a in Figure 2.2 (iii). VE

then builds 1(b) for the evidence variable b, while natural selection removes evident

population p(b, a) in (iv). As for the elimination of c, d, and h in (2.2) - (2.5): the

multiplication in (2.2) is the merge of p(c, h) and p(e, cd) in (iv), yielding p(ce, dh)

in (v); the marginalization in (2.3) is the replication p(ce, dh) and p(e, dh) in (vi),

followed by the removal of spent population p(ce, dh) in (vii); (2.4) is shown in (vii)

- (x); and, (2.5) is in (x) - (xiii).

The robustness of DNs only is partially revealed in this example in which DNs

detect and remove barren variables, detect and remove an independent by evidence

variable, and represent multiplication and marginalization to eliminate variables c,

d, and h. Below, we show how DNs represent division and normalization akin to

VE’s step (vii). Later, in Section 6, we show how DNs can determine the elimination

ordering σ = (c, d, h) used above by VE. And, VE can impose superfluous restrictions

on the order in which variables are removed by using separate steps, i.e., barren in

(i), independent by evidence in (ii), and evidence in (iii). For instance, if P (f |c) is

posed to B in Figure 2.1 (i), then VE necessarily removes variables h, d, b, g, a, c in

this order. In DNs, natural selection can remove populations following this order, or

a, c, h, d, b, g, or even a, h, c, d, b, g, for instance.

Note that p(e, b) above represents P (e|b) and not P (e|b = 0). Additional notation,

explicitly denoting evidence values such as p(e, b = 0) could be introduced, but will not

be, since trait characteristics and population classification would remain unchanged.

Now recall the AR example in (2.6) - (2.10) and consider the DN evolution in Fig-

ure 3.6. The BN B in Figure 2.3 (i) is the DN D in Figure 3.6 (i). The multiplication

P (a, d|b) = P (a) · P (d|a, b) in (2.6) is the merge of populations p(a) and p(d, ab) in

Figure 3.6 (i), yielding p(ad, b) in Figure 3.6 (ii). The marginalization in (2.7) is the

replication in Figure 3.6 (iii). And, the division P (a|b, d) = P (a, d|b)/P (d|b) in (2.8)
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Figure 3.6: Graphically representing AR’s computation.

can be the replication p(ad, b) and p(d, b) in Figure 3.6 (iv), followed by the merge of

p(ad, b) and p(d|b), giving p(a, bd), in Figure 3.6 (v). The multiplication in (2.9) is

the merge in Figure 3.6 (vi). Lastly, the marginalization in (2.10) is the replication

in Figure 3.6 (vii), followed by natural selection removing spent population p(ac, bd),

giving Figure 3.6 (viii). Observe that DN evolution simplifies AR in that merge can

represent both multiplication and division. Thus, DNs can represent VE’s step (vii),

which multiplies to obtain P (X, Y = y), marginalizes to yield P (Y = y), and divides

to obtain P (X|Y = y).

Akin to Darwin’s [18] finches on the Galápagos Islands, populations can migrate

between DNs, but in evolution natural selection also removes rejected populations.

Given DNs D and D′
, population p(C,D) in D is rejected, if both tc and td are weak,

for at least one trait t in CD. In Figure 3.7, given DN D = {p(a), p(b, a)} in (i) and
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D′
= {p(a, h), p(b, h)} in (x), if p(c) migrates to D, then it is rejected, since both cc

and cd are weak.

Example 13. In Figure 3.7, consider one explanation of the evolution of the DNs in

(i) into the respective DNs in (x). In (i), p(i, h) and p(j, h) can replicate and migrate

as in (ii). Evolution in (i) can yield p(b), p(d) and p(f) in (ii) that migrate in (iii).

Evolution in (iii) can create p(g) in (iv) that migrates in (v). The remainder follows

similarly.

The evolution of multiple DNs in Example 13 corresponds to the inward phase of

the LP example in Section 2. Observe how propagated messages in Figure 2.4 such as

P (g), P (i|h = 0), and P (j|h = 0) correspond precisely to migrating populations p(g),

p(i, h), and p(j, h) in Figure 3.7. Posterior probabilities P (i|h = 0), P (j|h = 0), and

P (k|h = 0) can be computed at the root node {i, j, k} at the end of the inward phase,

as in Figure 3.7 (v). Posterior probabilities of all non-evidence variables P (a|h =

0), P (b|h = 0), . . . , P (l|h = 0) can be computed at the end of the outward phase, as in

Figure 3.7 (x). DNs simplify LP in a few ways. DNs perform adaptation and evolution

in D, but LP tests independencies in B and propagates in T . In LP, separate steps are

used to detect barren variables and independent by evidence variables, while natural

selection finds both. LP requires a node to receive all messages before deciding the

irrelevant potentials in message construction. For example, in Figure 2.2, LP forces

node {b, g, h, i, j} to wait for message P (g) before determining that it is irrelevant

for message construction to node {i, j, k}. In contrast, DNs allow populations p(i, h)

and p(j, h) to migrate immediately in Figure 3.7 (ii) before p(g) migrates in Figure

3.7 (v).

3.4 Representing Other Bayesian and Non-Bayesian Frame-

works

We demonstrate how DNs can represent another Bayesian framework, called chain

graph models, as well as a non-Bayesian framework, namely, relational databases.

3.4.1 Chain Graph Models

The discussion of chain graph models (CGMs) in this section draws from [44].
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Figure 3.7: Graphically representing LP’s computation.
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Figure 3.8: (i) A PDAG. (ii) A DN representing the CGM in Example 16.

A partially directed acyclic graph (PDAG), also known as a chain graph, is an

acyclic graph containing both directed and undirected edges. The acyclicity require-

ment ensures that the PDAG can be decomposed into a directed graph of chain

components, where the variables within each chain component are connected to each

other only with undirected edges.

Example 14. [44] Given variables U = {a, b, c, d, e, f, g, h, i}, one PDAG is depicted

in Figure 3.8 (i), where the six chain components are {a}, {b}, {c, d, e}, {f, g}, {h},
and {i}.

Each chain component X is associated with a conditional random field (CRF)

that defines a CPT P (X|Y ) of X given its parents Y in the PDAG.

Example 15. In the PDAG of Figure 3.8 (i), the six CPTs associated with the chain

components are P (a), P (b), P (c, d, e|a, b), P (f, g|c, d, e), P (h), and P (i|c, d, e, h).

A PDAG can factorize a probability distribution as a product of each of the chain

components given its parents. Such a representation is called a chain graph model

(CGM).

Example 16. The PDAG in Figure 3.8 (i) and the CPTs in Example 15 define a

CGM M on variables U = {a, b, c, d, e, f, g, h, i}:

P (U) = P (a) · P (b) · P (c, d, e|a, b) · P (f, g|c, d, e) · P (h) · P (i|c, d, e, h). (3.18)
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DNs can represent CGMs.

Definition 3.4. Let M be a CGM on a set U of variables. The DN D defined by M
is D = {p(X, Y ) | P (X|Y ) is in M}.

Example 17. The CGMM in Example 16 can be represented by the DN D in Figure

3.8 (ii).

Representing the testing of independencies in CGMs using c-separation [44] re-

mains as future work.

3.4.2 Relational Databases

Our discussion on relational databases follows the eloquent treatment provided

by [51].

Let U be a finite set of attributes, each with a finite domain. A relation over

attributes CD is denoted r(C,D), where C is the primary key and D is the set of

non-key attributes in the relational scheme.

Example 18. Table 3.1 shows four relations: r1(a, b, c), r2(b, c, e), r3(b, c, d), and

r4(e, f).

The natural join on of the four relations in Table 3.1 gives the universal relation,

denoted r, in Table 3.2 (i). The projection of relation r1 in Table 3.1 (i) onto attributes

{b, c}, denoted πbc(r1), is illustrated in Table 3.2 (ii).

One computational task in relational databases is to transform given relations into

projections of the universal relation. Provided that the database scheme is acyclic [4],

this can be accomplished using a semijoin program.

Example 19. Let us transform the four relations in Table 3.1 into projections of

the universal relation r in Table 3.2 (i). As required, the database scheme is acyclic

and, hence, can be illustrated as the join tree in Figure 3.9. The inward pass of one

semijoin program involves building and passing messages m1, m2, and m3, as depicted
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Table 3.1: Four given relations r1(a, b, c), r2(b, c, e), r3(b, c, d), and r4(e, f).

(i)

a b c
0 0 0
1 0 1
1 1 0
1 2 1

(ii)

b c e
0 0 1
0 1 0
1 0 2

(iii)

b c d
0 0 0
0 0 1
0 1 2
1 0 3
2 1 4

(iv)

e f
0 0
1 1
2 2

in Figure 3.9. The database computation for the inward pass is:

m1 = πbc(r1), (3.19)

r′2 = r2 on m1, (3.20)

m2 = πbc(r3), (3.21)

r′′2 = r′2 on m2, (3.22)

m3 = πe(r
′′
2), (3.23)

r′4 = r4 on m3. (3.24)

The outward pass is then:

m4 = πe(r
′
4), (3.25)

r′′′2 = r′′2 on m4, (3.26)

m5 = πbc(r
′′′
2 ), (3.27)

r′3 = r3 on m5, (3.28)

m6 = πbc(r
′′′
2 ), (3.29)

r′1 = r1 on m6. (3.30)

The important point in Example 19 is that the semijoin program in (3.19)-(3.30)

converts the given relations in Table 3.1 into the desired projections in Table 3.3.

DNs can represent relational databases. Here, a population p(C,D) represents a

relation r(C,D) with primary key C and non-key attributes D.
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a,b,c b,c,e e,f

b,c,d

m6

m1

m4

m3

m5m2

Figure 3.9: A join tree for the semijoin program in Example 19.

Table 3.2: (i) The universal relation r defined by the join of the four relations in
Table 3.1. (ii) The projection of relation r1 in Table 3.1 (i) onto {b, c}.

(i)

a b c d e f
0 0 0 0 1 1
0 0 0 1 1 1
1 0 1 2 0 0
1 1 0 3 2 2

(ii)

b c
0 0
0 1
1 0
2 1

Example 20. The four relations in Example 18 are represented as the respective

populations p(abc), p(e, bc), p(d, bc), and p(f, e).

When DNs represent relational databases, merge means natural join on, and repli-

cation is projection π. Thereby, DNs can model computation in relational databases.

To represent a semijoin program, the relation r(C,D) at each join tree node is repre-

sented as a DN {p(C,D)}. For instance, Figure 3.10 depicts the DNs in our running

example.

Example 21. Recall the DNs in Figure 3.10. Then Figure 3.11 (i)-(vi) respectively

represent the relational database computation in (3.19)-(3.24).

It is common knowledge that division is required in the outward pass of probability
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Table 3.3: Desired projections of the universal relation r in Table 3.2 (i).

(i)

a b c
0 0 0
1 0 1
1 1 0

(ii)

b c e
0 0 1
0 1 0
1 0 2

(iii)

b c d
0 0 0
0 0 1
0 1 2
1 0 3

(iv)

e f
0 0
1 1
2 2

c

b

a

c

d b

f e
c

e b

Figure 3.10: DNs can represent the relational database in Example 18.

propagation in join trees [75]. On the contrary, there is no requirement for division in

the outward pass of relational database computation in join trees, since there are no

probabilities to be concerned with. In DNs, recall that division is handled by defining

the merge of two combative traits to yield a docile trait. Consequently, when DNs

represent relational databases, two populations merge together as follows: for each

trait t appearing in either population, if t is docile in both populations, then t is

docile in the merged population; otherwise, t is combative. Under this definition, the

reader can verify the DN representation of the outward pass in (3.25)-(3.30) starting

from Figure 3.11 (vi).

3.5 Elimination Orderings

Determining good elimination orderings σ is an important practical issue. Em-

pirical results show that min-neighbours is one of four heuristics that performs sur-

prisingly well in practice [44]. Given that P (X|Y = y) is posed to a BN B, the score
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Figure 3.11: (i)-(vi) respectively represent the relational database computation in
(3.19)-(3.24), given the DNs in Figure 3.10.

s(v) of variable v is the number of edges involving v in Bs
m. A variable v with a min-

imum s(v) is removed after adding edges among all of v’s neighbours. The algorithm

recursively repeats until all variables not in XY are removed. For example, in Figure

2.2, P (e|b = 0) is posed to B in (i) and Bs
m is in (iv). The scores then are s(c) = 3,

s(d) = 3, and s(h) = 3. Removing, for example, c after adding edge (e, h) yields the

undirected graph U1 = {(b, h), (d, h), (d, e), (e, h)}. Now, as s(d) = 2 and s(h) = 3,

d is removed, giving U2 = {(b, h), (e, h)}, and then h, leaving U3 = {(b, e)}. Thus,

σ = (c, d, h).

Min-neighbours can be represented in DNs [8]. Given a BN B and a query

P (X|Y = y), let D be the DN for B, DN D′
= p(X, Y ), and let DN Ds be ob-

tained by natural selection acting as in evolution on D with respect to D′
. The weak

combative traits tc of Ds are removed recursively based upon a minimum score. The
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score s(tc) is the number of traits appearing with either tc or td. Eliminate tc by recur-

sively merging all populations with tc or td, yielding p(C,D), replicating p(C,D) and

p(C − tc, D), and natural selection removing spent population p(C,D). For example,

given B in Figure 2.2 (i) and P (e|b = 0), then D is in Figure 3.5 (i), D′
in (xiii), and

Ds in (iv). The weak combative traits are cc, dc, and hc. The score of cc is 3, since

hd appears with cc in p(c, h), and ec and dd appear with cd in p(e, cd). The scores of

dc and hc are also 3. Eliminating, for example, cc yields the DN in Figure 3.5 (vii),

after merging p(c, h) and p(e, cd) as p(ce, dh), replicating p(ce, dh) and p(e, dh), and

natural selection removing p(ce, dh). Now, the score of dc is 2 and that of hc is 3.

Thus, in Figure 3.5 (vii), we eliminate dc, giving (x), followed by hc, giving (xiii), and

σ = (c, d, h).

It can be verified that if Ds is the DN for a sub-DAG Bs constructed from a DAG

B, then Bs
m = U(Ds). For example, given Ds in Figure 3.5 (iv) for the sub-DAG Bs

in Figure 2.2 (iii), then U(Ds) is Bs
m in Figure 2.2 (iv). By construction, the scores

s(tc) in the DN Ds are identical to the scores s(v) in Bs
m. Also, by construction,

the undirected graph of the DN, after eliminating tc with a lowest score, is Bs
m with

the corresponding variable v eliminated. For example, the undirected graphs of the

DNs in Figure 3.5 (vii), (x), and (xiii), are respectively U1, U2, and U3 above. DNs

simplify min-neighbours by not requiring moralization. Similarly, DNs can represent

min-weight, min-fill, and weighted-min-fill [8]. Moreover, DN have led to a new

heuristic, called population energy, for which preliminary experimental results are

promising [8].

3.6 Practical Applications of Darwinian Networks

This section describes two applications of DNs that are not themselves to be

counted as thesis contributions. Besides being a robust framework for representing

various frameworks and methods, DNs also lead to faster approaches to inference and

modeling.
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Algorithm 1 Simple Message Construction

1: procedure SMC(F , S, Y )
2: F = RemoveBarren(F , S)
3: while ∃ φ(X) ∈ F with v /∈ S − Y and v′ ∈ S − Y do
4: F = SumOut(v, F)

5: return {φ(X) ∈ F | X ⊆ S}

3.6.1 Simple Propagation

DNs were utilized as the basis of a novel join tree propagation algorithm, called

simple propagation (SP) [10]. The key tenet of SP is easily visualized using popula-

tions in DNs. In this manner, SP exploits the factorization of potentials, but without

the overhead required in LP.

SP only differs from LP in how messages are constructed. SP uses Algorithm 1,

called Simple Message Construction (SMC), to construct the message sent from a

node N1 to a neighbour node N2, where F is the factorization at N1, the separator

S = (N1 ∩N2) ∪ Y , and Y is the evidence.

In Example 22, we emphasize starting at (3.31) the key tenet of SP, namely, line 3

of SMC. By “one in, one out,” we mean a potential in F has a non-evidence variable

in the separator and another non-evidence variable not in the separator.

Example 22. [10] Consider a join tree with the following three nodes:

N1 = {a, b, c},
N2 = {b, c, d, e, f, g, h, i, j, l,m}, and

N3 = {i, j, k, l,m},

and edges (N1, N2) and (N2, N3). Let the observed evidence be d = 0. Those CPTs

containing d are updated by keeping only those rows with d = 0. Assigning the CPTs

to N1, N2, and N3 can yield the following respective factorizations F1, F2, and F3:

F1 = {P (a), P (b|a), P (c|a)},
F2 = {P (d = 0|b, c), P (e|d = 0), P (f |d = 0, e),

P (g|e), P (h|e), P (i|d = 0, h), P (j|i), P (m|g, l)},
F3 = {P (k|j), P (l|k)}.
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Let N3 be the root of the join tree. Now, each node is augmented with d.

The discussion becomes interesting after node N1 sends its message to node N2. N1

calls SMC(F , S, Y ) with F = {P (a), P (b|a), P (c|a)}, S = {b, c, d}, and Y = {d}.
In line 2, no potentials are removed by RemoveBarren. In line 3, potential P (b|a)

contains non-evidence variable b in the separator and non-evidence variable a not in

the separator. In line 4, SP eliminates a as:

P (b, c) =
∑
a

P (a, b, c) =
∑
a

P (a) · P (b|a) · P (c|a)

Hence, N1 sends message P (b, c) to N2.

Node N2 calls SMC(F , S, E) to compute its message to node N3, where factoriza-

tion F is:

F = F2 ∪ {P (b, c)},

separator S = {d, i, j, l,m}, and Y = {d}. In line 2, P (f |d = 0, e) is removed from

F by RemoveBarren, giving

F = {P (b, c), P (d = 0|b, c), P (e|d = 0), P (g|e),
P (h|e), P (i|d = 0, h), P (j|i), P (m|g, l)}. (3.31)

DNs are exploited in Figure 3.12 (i) to visualize the factorization F in (3.31). In

population p(m, gl), for instance, m and l are non-evidence variables in the separator

and g is a non-evidence variable not in the separator. Thus, in line 4 of SMC, g is

eliminated as:

P (m|e, l) =
∑
g

P (g|e) · P (m|g, l),

yielding the new factorization:

F = {P (b, c), P (d = 0|b, c), P (e|d = 0), P (h|e),
P (i|d = 0, h), P (j|i), P (m|e, l)}. (3.32)

Once again, DNs are exploited in Figure 3.12 (ii) to visualize the factorization F
in (3.32). In the population, say p(m, el), m and l are non-evidence variables in the
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separator and e is a non-evidence variable not in the separator. Thus, SP eliminates

e as

P (h,m|d = 0, l) =
∑
e

P (e|d = 0) · P (h|e) · P (m|e, l),

giving the following factorization:

F = {P (b, c), P (d = 0|b, c), P (i|d = 0, h), P (j|i), P (h,m|d = 0, l)}. (3.33)

DNs are utilized in Figure 3.12 (iii) to visualize the factorization F in (3.33).

Now, in population p(i, dh), for instance, i is a non-evidence variable in the separator

and h is a non-evidence variable not in the separator. Thus, SP eliminates h as

P (i,m|d = 0, l) =
∑
h

P (i|d = 0, h) · P (h,m|d = 0, l),

giving

F = {P (b, c), P (d = 0|b, c), P (j|i), P (i,m|d = 0, l)}, (3.34)

as illustrated in Figure 3.12 (iv). As there are no longer potentials with the “one in,

one out” property, SP sends message m2 = {P (j|i), P (i,m|d = 0, l)} to N3 in line 5.

The outward phase is not described.

Table 3.4 [10] reports an empirical comparison between SP and LP. The experi-

ments were performed on the 28 benchmark BNs listed in column 1. Column 2 shows

the number of variables in each BN. The average computation time in seconds is cal-

culated over 100 runs and reported for LP and SP in columns 3 and 4, respectively.

Out of 28 BNs, SP was faster in 18 cases, tied LP in 5 cases, and was slower than

LP in 5 cases. SP tends to be faster than LP because SP simply exploits the “one in,

one out” property in the factorization of potentials.

3.6.2 i-Separation

DNs have led to a faster approach for testing independencies in BNs, called i-

separation [6].

We first show how DNs revealed superfluous computation in m-separation. The

docilization step of adaptation can be refined to add p(∅, D) only for p(C,D) ∈ PY

with |D| > 1. Adding p(∅, D) for p(C,D) /∈ PY is extraneous, since the merge of

p(C,D) and p(∅, D) is p(C,D).
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Example 23. Recall testing adaptation A(p(a), p(d, be), p(f, e)) in Example 5, as

illustrated in Figure 3.4 (vi)-(x). In step (ii), population p(∅, ag) is added. However,

in step (iii), p(∅, ag) is merged with population p(b, ag) /∈ PY , giving p(b, ag) itself.

Hence, adding p(∅, ag) is wasteful.

Since adaptation in DNs mimics m-separation, the wastefulness in Example 23

highlights erroneous computation in m-separation.

When testing I(X, Y, Z) in a BN B using m-separation, the moralization step need

only to add edges between parents of a common child v when v ∈ Y .

Example 24. Recall the moralization of Figure 2.1 (iii) when testing IB(a, d, f).

Edge (b, e) is essential as d ∈ Y . However, edge (a, g) is superfluous as b 6∈ Y .

More generally, adding superfluous edges means creating paths that do not have

to be examined. Turning to d-separation, we observed the same wastefulness.

Example 25. Consider testing I(a, de, g) in the DAG B of Figure 3.13 (i) using

d-separation. The path (a, c) is active. Then the longer path (a, c), (c, f) is active.

Continuing on, the path (a, c), (c, f), (f, h) is active. Finally, the path (a, c), (c, f),

(f, h), (g, h) is blocked, since h is a closed convergent valve. However, the reader

can verify that it is impossible to have a active path starting at variable a, passing

through variable f , and reaching variable g. Hence, testing these paths in d-separation

is wasteful.

Example 25 highlights the importance of not checking paths needlessly.

Inaugural-separation (i-separation) was proposed in [6] as a novel method for test-

ing independencies in BNs. In [6], the notion of an inaugural variable was introduced,

the salient feature of which is that in testing I(X, Y, Z), any path from X to Z in-

volving an inaugural variable is blocked. This means that paths involving inaugural

variables can be safely ignored and pruned from the BN.

Example 26. Let us test I(a, de, g) in the DAG B of Figure 3.13 (i) using i-separation.

Variables f and h are inaugural, and are thus pruned from B yielding the sub-DAG

in Figure 3.13 (ii). Only the paths in (ii) are checked, yielding that I(a, de, g) holds.

Example 26 emphasizes how DNs led to the identification of wastefulness in d-

separation.
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An empirical comparison between d-separation and i-separation was reported

in [6]. The result showed that i-separation was faster than d-separation on all test

BNs with 186 or more variables.

3.7 Conclusion

While many works have generalized BNs, we seek to simplify reasoning with BNs.

DNs, a biological perspective of BNs, are surprisingly simple, yet remarkably robust.

DNs can represent the testing of independencies using d-separation and m-separation,

belief update using VE, AR, and LP, and the determination of good elimination

orderings using min-neighbours. DNs simplify each of these separate techniques,

while unifying them into one platform. We have also shown hows DNs can represent

chain graph models and relational databases. Practical benefits of DNs include faster

algorithms for inference and modeling. The DN keystone is the novel representation

of a population p(C,D) using both combative traits C (coloured white) and docile

traits D (coloured black).
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Figure 3.12: Utilizing DNs to visualize the “one in, one out” property exploited in
SP. Graphically depicting the potentials in F of (3.31) at N2 in (i). After eliminating
variable g, (ii) shows F of (3.32). After eliminating e, (iii) shows F of (3.33). Finally,
eliminating h gives F in (3.34) shown in (iv).
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Table 3.4: Average time in seconds of LP and SP to propagate messages and compute
posteriors over 100 runs in each BN.

BN Variables LP SP Savings
Water 32 0.06 0.05 17%
Oow 33 0.07 0.06 14%
Oow Bas 33 0.04 0.03 25%
Mildew 35 0.05 0.04 20%
Oow Solo 40 0.07 0.06 14%
Hkv2005 44 0.23 0.27 -17%
Barley 48 0.09 0.10 -11%
Kk 50 0.09 0.09 0%
Ship 50 0.16 0.17 -6%
Hailfinder 56 0.02 0.02 0%
Medianus 56 0.04 0.03 25%
3Nt 58 0.02 0.01 50%
Hepar Ii 70 0.03 0.03 0%
Win95Pts 76 0.03 0.03 0%
System V57 85 0.06 0.05 17%
Fwe Model8 109 0.14 0.15 -7%
Pathfinder 109 0.12 0.11 8%
Adapt T1 133 0.04 0.04 0%
Cc145 145 0.10 0.08 20%
Munin1 189 0.54 0.75 -39%
Andes 223 0.15 0.13 13%
Cc245 245 0.20 0.18 10%
Diabetes 413 0.34 0.31 9%
Adapt T2 671 0.24 0.22 8%
Amirali 681 0.45 0.41 9%
Munin2 1003 0.49 0.45 8%
Munin4 1041 0.61 0.57 7%
Munin3 1044 0.66 0.64 3%
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Figure 3.13: When testing the independence I(a, de, g) in the DAG shown in (i),
i-separation builds the sub-DAG depicted in (ii).
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Chapter 4

Determining Good Elimination Orderings

with Darwinian Networks

4.1 Introduction

Darwinian networks (DNs) [7] were proposed to simplify working with Bayesian

networks (BNs) [61]. DNs are a richer representation allowing them to simplify both

modelling and inference.

An important practical consideration in BN inference is determining good elimi-

nation orderings, denoted σ [42]. Empirical results show that min-neighbours (MN),

min-weight (MW), min-fill (MF), and weighted-min-fill (WMF) are four heuristics

that perform well in practice [44]. Given a query P (X|Y ) posed to a BN B, all vari-

ables except XY are recursively eliminated from the moralization Bm based upon a

minimum score s(v).

In this chapter, we show how these four heuristics can be represented in DNs.

More importantly, we propose a new heuristic, called potential energy (PE), based on

DNs themselves. Our analysis of PE shows that it can: (i) better score a variable;

(ii) better model the multiplication of the probability tables for the chosen variable;

(iii) more clearly model the marginalization of the chosen variable; and (iv) maintain

a one-to-one correspondence between the remaining variables and probability tables.
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4.2 Background

4.2.1 Elimination Orderings in Bayesian Networks

We use the following running example throughout the paper. Assuming query

P (f |d) is posed to the BN B in Figure 4.1 (i), variables a, b, c, and e must be

recursively eliminated from the moralization [61] Bm in Figure 4.1 (ii). Eliminating

a, for instance, involves adding edges between a’s neighbours as in (iii) and then

removing a as in (viii).

In min-neighbours (MN), the score s(v) of variable v is the number of edges

involving v.

Example 27. Referring to Figure 4.1, MN can determine elimination ordering σ = (c, a, b, e)

by (ii), (iv)-(vii).

In min-weight (MW), the score s(v) of a variable v is the product of the domain

cardinalities of v’s neighbours. The domain cardinality of a is 5, while the rest are

binary.

Example 28. Referring to Figure 4.1, MW can determine σ = (a, c, b, e) by (ii),

(viii)-(xi).

In min-fill (MF), the score s(v) of a variable v is the number of edges that need

to be added between v’s neighbours due to v’s elimination.

Example 29. Referring to Figure 4.1, MF can determine σ = (c, b, a, e) by (ii), (iii),

(xii)-(xv).

In weighted-min-fill (WMF), the score s(v) of variable v is the sum of the weights

of the edges that need to be added between v’s neighbours due to v’s elimination.

The weight of an edge is the product of the domain cardinalities of its constituent

vertices.

Example 30. Referring to Figure 4.1, WMF can determine σ = (c, a, b, e) by (ii),

(iv)-(vii).
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4.3 Elimination Orderings in Darwinian Networks

A trait t with a minimum score is eliminated by recursively merging all populations

with t, yielding p(C,D), replicating p(C,D) as p(C,D) and p(C − t,D), and letting

natural selection remove spent population p(C,D).

Given two DNs D and D′, recursively eliminate traits appearing in D but not D′.
We will use the same running example for each heuristic, namely, D is in Figure 4.2

(i) and D′ is in Figure 4.2 (viii). By the above, each heuristic seeks to eliminate traits

a, b, c, and e from D.

We now present four heuristics for scoring traits in DNs.

4.3.1 Representing Min-Neighbours in DNs

Two traits t and t′ in a DN D are related, if they appear together in at least one

population in D; otherwise, they are unrelated. For example, in Figure 4.2 (i), trait

a is related to traits b, c, d, and e. Traits a and f are unrelated, since they do not

appear together in any population.

Definition 4.1. To represent MN, the score s(t) of a trait t is the number of traits

related to t.

Example 31. In Figure 4.2 (i), the score s(a) of trait a is 4, since a is related to traits

b, c, d, and e. Similarly, s(b) is 3, s(c) is 3, and s(e) is 5. Eliminating a trait with

a minimum score, say c, by merging in (ii), replicating in (iii), and letting natural

selection act, gives (iv). Now, s(a) and s(b) both are 3, and s(e) is 4. Eliminating,

say a, yields (v). Here, both s(b) and s(e) are 3. Eliminating, say b, gives (vi). Then

eliminating e yields (vii). Therefore, σ = (c, a, b, e).

4.3.2 Representing Min-Weight in DNs

Given a DND representing a BN B, the energy of a trait t is the domain cardinality

of the variable v to which it corresponds. For example, given that variable b in

Example 27 is binary, then the energy of trait b in Example 31 is 2.

Definition 4.2. To represent MW, the score s(t) of a trait t is the product of the

energies of the traits related to t.
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Example 32. As the DN D in Figure 4.2 (i) represents the BN B in Figure 4.1 (i),

the energies of traits a, b, c, d, e, and f are 5, 2, 2, 2, 2, and 2, respectively. The

traits related to trait a in D are b, c, d and e. Thus, the score s(a) is 16. Similarly,

s(b) and s(c) both are 20, and s(e) is 80. Trait a is eliminated giving (ix). Here, s(b)

and s(e) are each 16, while s(c) is 8. Eliminating trait c yields (x). Now, s(b) and

s(c) both are 8. Eliminating, say b, gives (xi). Lastly, eliminating trait e yields (xii).

Thus, DNs can represent MW determining elimination order σ = (a, c, b, e).

4.3.3 Representing Min-Fill in DNs

Definition 4.3. To represent MF, the score of a trait t is the number of pairs of

traits that are related to t, but are unrelated themselves.

Example 33. The traits related to a in D are b, c, d, and e. Traits b and c are

unrelated, as are b and d. Thus, s(a) is 2. Similarly, s(b) is 1, s(c) is 0, and s(e) is

5. Eliminating c gives Figure 4.2 (xiii). Here, both s(a) and s(b) are 1, and s(e) is

3. Eliminating, say b, yields (xiv). Now, s(a) and s(e) both are 1. Eliminating, say

a, gives (xv). Then, e is eliminated leaving (xvi). Therefore, DNs can represent MF

determining elimination order σ = (c, b, a, e).

4.3.4 Representing Weighted-Min-Fill in DNs

Definition 4.4. To represent WMF, the score s(t) of a trait t is the product of the

energies of the pairs of traits related to t that are unrelated themselves.

Example 34. From Example 33, the two pairs of traits related to a that are unrelated

themselves are b and c, and b and d. The product of the energies for b and c is 4,

as is that for b and d. Thus, the score s(a) of trait a is 8. Similarly, s(b) is 10,

s(c) is 0, and s(e) is 26. Eliminating c gives (iv). Here, s(a) is 4, s(b) is 10, and

s(e) is 18. Eliminating a yields (v). Now, s(b) and s(e) both are 4. Eliminating, say

b, gives (vi). Finally, e is eliminated yielding (vii). Thus, DNs can represent WMF

determining elimination order σ = (c, a, b, e).
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4.4 Equivalence

The undirected graph U(D) of a DND has variables Tc(D) and edges {(vi, vj) | p(C,D) ∈
D and vi, vj ∈ CD}, namely, U(D) is the moralization Bm [7]. For instance, U(D) of

the DN D in Figure 4.2 (i) is the undirected graph Bm shown in Figure 4.1 (ii).

Lemma 6. MN can be equivalently represented in DNs.

Proof. Given D is the DN for a BN B. Then U(D) is the moralization Bm. By

construction, the scoring of traits in D is precisely the scoring traits in Bm. Also by

construction, the undirected graph U(D) of the DN D obtained by eliminating a trait

with a minimum score corresponds exactly to the undirected graph with the corre-

sponding variable eliminated. Finally, the set of traits recursively eliminated is the

set of variables recursively eliminated, since D′ = {p(X, Y )} is the DN corresponding

to the query P (X|Y ) posed to B.

Example 35. The BN B in Figure 4.1 (i) is represented as the DN D in Figure 4.2

(i), U(D) is the moralization Bm in Figure 4.1 (ii), and the given query P (f |d) is

represented by the DN D′ = {p(f, d)} in Figure 4.2 (viii). The scoring of variable

and traits precisely coincides, namely, s(a) = 4, s(b) = 3, s(c) = 3, and s(e) = 5.

Eliminating variable c gives Figure 4.1 (iv), while eliminating trait c gives Figure 4.2

(iv), of which the undirected graph is Figure 4.1 (iv). Next, the scoring of variables

and traits are the same, namely, both s(a) and s(b) are 3, and s(e) is 4. Eliminating

variable a yields Figure 4.1 (v), while eliminating trait a gives Figure 4.2 (v), of which

the undirected graph is Figure 4.1 (v). Once again, the scoring is the same, i.e., s(b)

and s(e) both are 3. Eliminating variable b gives Figure 4.1 (vi), while eliminating

trait b gives Figure 4.2 (vi), of which the undirected graph is Figure 4.1 (vi). Finally,

eliminating variable e yields Figure 4.1 (vii), while eliminating trait e gives Figure 4.2

(vii), of which the undirected graph is Figure 4.1 (vii). Therefore, both representations

obtain the same elimination ordering σ = (c, a, b, e).

Lemma 7. MW, MF, and WMF each can be equivalently represented in DNs.

The proof of Lemma 7 is similar to that of Lemma 6.
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4.5 Potential Energy Heuristic

We put forth a new heuristic, called potential energy, which is based upon the rich

representation of DNs.

Recall that a DN D can represent a BN B. The energy of a population p(C,D) is

the domain cardinality of the CPT to which it corresponds. For example, the energy

of population p(b, a) representing the CPT P (b|a) is 10, since b is binary and the

domain- cardinality of a is 5.

Definition 4.5. In potential energy (PE), the score of a trait t is the sum of the

population energies built by recursively merging the populations containing t.

Example 36. Consider using PE to score trait a in the DN D in Figure 4.2 (i).

Merging p(a) and p(b, a) gives p(ab) with energy 10. Then, merging p(ab) and p(e, acd)

gives p(abe, cd) with energy 80. Hence, s(a) is 90.

Note that PE is not necessarily unique, since it depends upon the order in which

populations are merged.

Example 37. In Example 36, first merge p(a) with p(e, acd), yielding p(ae, cd) with

energy 40. Now, merge p(ae, cd) with p(b, a), giving p(abe, cd) with energy 80. There-

fore, s(a) is 120.

Henceforth, populations will be recursively merged always using the two popula-

tions with the lowest energies. For example, s(a) will be determined by merging p(a)

and p(b, a) first as in Example 36 rather than p(a) and p(e, acd) as in Example 37.

Example 38. Similar to s(a) being 90 in Example 36, the scores of s(b), s(c), and

s(e) are 40, 40, and 160, respectively. Removing, say c, gives Figure 4.2 (xiii). The

scores of s(a), s(b), and s(e) now are 50, 40, and 80, respectively. Removing b yields

Figure 4.2 (xiv). Here, s(a) and s(e) are each 40. Removing, say a, gives Figure

4.2 (xv), and then e, yields Figure 4.2 (xvi). Therefore, PE determines elimination

ordering σ = (c, b, a, e).
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4.6 Analysis

We show that PE is more refined than MN, MW, MF, and WMF in the following

aspects: (i) scoring a variable; (ii) multiplying the probability tables; (iii) marginal-

izing the variable; and (iv) representing the remaining information.

(i) Scoring a variable. Consider, for example, the multiplications needed to

eliminate variable a from the BN in Figure 4.1 (i):

P (a, b, e|c, d) = P (a) · P (b|a) · P (e|a, c, d). (4.35)

Generally, MF and WMF tend to work better on more problems and, not sur-

prisingly, WMF usually has the most significant gains when there is some significant

variability in the sizes of variable domains [44]. This is because MF and WMF esti-

mate the computation to take place in the RHS of (4.35), for example, by utilizing

the RHS itself. PE also considers the RHS of (4.35), but in more detail than both

MF and WMF. PE counts the number of multiplications that can be used to compute

the product of all probability tables involving the variable being scored.

Example 39. In Example 36, PE scores a as 90, since computing the product of

the RHS of (4.35) takes 10 multiplications for p(a) and p(b|a), followed by 80 mul-

tiplications for p(a, b) and p(e, acd). Thus, a PE score s(a) of 90 means that 90

multiplications can be used to compute (4.35).

(ii) Multiplying the probability tables. Once a variable with a minimum

score is chosen, DNs more accurately depict the multiplication of its probability tables.

Example 40. Suppose c is the first variable to be eliminated in our running example.

In the moralization Bm of Figure 4.1 (ii), edges are added between all of c’s neighbours,

yielding Bm itself. Thus, by using undirected graphs to model multiplication, no change

was made in the graphical representation even though the following multiplication

takes place:

P (c, e|a, d) = P (c) · P (e|a, c, d). (4.36)

In stark contrast, PE explicitly represents this multiplication by merging populations

p(e) and p(e, acd) in Figure 4.2 (i), yielding population p(ce, ad) in Figure 4.2 (ii).
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Example 40 illustrates how merging in DNs is a more descriptive graphical repre-

sentation of multiplication compared to adding edges in a undirected graph.

(iii) Marginalizing the variable. Once the appropriate probability tables have

been multiplied, DNs more accurately depict the subsequent marginalization.

Example 41. Continuing from Example 40, variable c is marginalized in BN infer-

ence as follows:

P (e|a, d) =
∑
c

P (c, e|a, d). (4.37)

It is not obvious how newly created CPT P (e|a, d) is graphically represented by re-

moving c and its incident edges (a, c), (c, d), and (c, e) from Figure 4.1 (ii) yielding

the undirected graph in Figure 4.1 (iv). On the other hand, PE clearly articulates

this marginalization by replicating population p(ce, ad) in Figure 4.2 (ii) as itself and

population p(e, ad) in Figure 4.2 (iii), and then letting natural selection remove spent

population p(ce, ad) in Figure 4.2 (iv).

The key point of Example 41 is how replication and natural selection in DNs

provide a better graphical description of marginalization in BN inference than the

deletion of the variable being marginalized and its incident edges from an undirected

graph.

(iv) Representing the remaining information. After a variable with a min-

imum score is eliminated, PE maintains a one-to-one correspondence between the

remaining variables and populations.

Example 42. Continuing from Example 41, c’s elimination results in Figure 1 (iv).

It is unclear how this undirected graph corresponds to the remaining probability tables:

P (a), P (b|a), P (d), P (e|a, d), and P (f |b, e). (4.38)

On the contrary, in PE, there is a one-to-one correspondence between the probabilities

tables in (4.38) and populations in Figure 4.2 (iv):

p(a), p(b, a), p(d), p(e, ad), and p(f, be). (4.39)

Similar remarks hold after the elimination of variables a, b, and e, in (v), (vi), and

(vii) of Figure 4.2, respectively.
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4.7 Conclusion

We have shown how four well-known heuristics for determining elimination or-

derings can be equivalently represented in DNs, a richer representation of BNs. We

proposed PE as a novel heuristic based on DNs themselves. Our analysis has shown

that PE is a more refined heuristic in four aspects. Future work will include an

empirical evaluation.
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Figure 4.1: (i) a BN B. (ii) the moralization Bm. (iii) adding edges between a’s
neighbours in Bm. (iv)-(vii) MN and WMF can determine σ = (c, a, b, e). (viii)-(xi)
MW can determine σ = (a, c, b, e). (xii)-(xv) MF can determine σ = (c, b, a, e).
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Figure 4.2: DNs D in (i) and D′ in (viii). (ii)-(iv) eliminating trait c by merging,
replication, and natural selection, respectively. (ii)-(vii) determines σ = (c, a, b, e).
(ix)-(xii) determines σ = (a, c, b, e). (xiii)-(xvi) determines σ = (c, b, a, e).
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Chapter 5

Relevant Path Separation: A Faster

Method for Testing Independencies in

Bayesian Networks

5.1 Introduction

Directed separation (d-separation) [61] continues to be useful in a wide range of ar-

eas, including causal inference in statistics [63], cause and correlation in biology [77],

extrapolation across populations [64], handling missing data [55], bioinformatics [56],

and deep learning [34]. The d-separation algorithm is a graphical method for deter-

mining which conditional independence relations are implied by the directed acyclic

graph (DAG) of a Bayesian network (BN) [61]. With respect to a given independence

to be tested, current implementations, including Bayes-Ball [74] and Reachable [44],

find all nodes reachable along active paths, called the active part of a BN. This

approach overlooks a crucial property of d-separation.

The work [46] proposed m-separation as another method for testing independen-

cies in BNs. In the proof of correctness, it is established that all active paths of

interest can only appear in what we call the relevant part of a BN. This property

warrants attention in itself, since it has both theoretical and practical ramifications.

In this chapter, we propose relevant path separation (rp-separation) as a new

method for testing independencies in BNs. The salient feature of rp-separation is

that it explores the intersection between the active and relevant parts of a BN. We

introduce the notion of a relevant path and establish that irrelevant paths are either
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(i) (ii) (iii) (iv)

Figure 5.1: (i) testing independence I(a, e, g) in a Bayesian network B; (ii) the active
part of B; (iii) the relevant part of B; (iv) the intersection of the active and relevant
parts.

active paths that are doomed to become blocked or active paths that terminate before

reaching a variable of interest. Rather than exploring all active paths, rp-separation

displays impressive performance in practice by only exploring active paths that are

relevant. In real-world or benchmark BNs, rp-separation is faster in 17 of 19 cases

with an average time savings of 53%, culminating with being nearly twice as fast in

the largest BN.

To test whether two sets X and Z of variables are conditionally independent in BN

B given a third set Y of variables, denoted I(X, Y, Z), it is shown that all irrelevant

paths include at least one variable not in XY Z ∪ An(XY Z), where An(XY Z) are

the ancestors of XY Z in B. Thus, the variables considered by rp-separation exactly

coincide with those considered by m-separation. However, m-separation builds a

secondary structure (an undirected graph), a process that involves adding and deleting

undirected edges. We explicitly demonstrate several ways in which this computation

is redundant and present a refinement of m-separation. Our experimental results

show that the refinement leads to a time savings of 27% on average, but even the

refined m-separation is slower than d-separation, let alone rp-separation.
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5.2 Background

The work [29] was the first to provide a linear time complexity algorithm for

implementing d-separation. Their method, however, always explores the entire DAG.

Bayes-Ball (BB) [74] only explores the active part of the DAG. As will be discussed

in Section 5.6, BB works using a hypothetical ball bouncing in a DAG and can be

used for purposes outside the scope of our paper. Instead, we use the Reachable

algorithm [44], since it also explores the active part of a DAG, but with d-separation

terminology. To test I(X, Y, Z) in a BN B, Reachable takes X, Y , and B as

input and returns the set of all variables reachable from X along active paths. For

pedagogical purposes, Example 43 will mention active paths explicitly.

Example 43. Let us test I(a, e, g) in the BN B of Figure 5.1 (i) using Reachable.

Given X = {a}, Y = {e}, and B, the set of variables reachable from X along active

paths is denoted by R and initialized as R = {a}. As variable c is reachable from vari-

able a along active path (a, c), the set of reachable variables is updated as R = {a, c}.
Similarly, variable f can be reached along the active path (a, c), (c, f). Subsequently,

variable h can be reached along active path (a, c), (c, f), (f, h) meaning R is updated

as:

R = {a, c, f, h}. (5.40)

Variables i and j are reachable along active paths (a, c), (c, i) and (a, c), (c, i), (i, j),

respectively. Hence, R is updated as:

R = {a, c, f, h, i, j}. (5.41)

As depicted by the active part of B in Figure 5.1 (ii), it can be verified that the set of

all variables reachable from X along active paths is R = {a, c, f, h, i, j, d, g}. Since at

least one variable in Z was reachable from X along an active path, the independence

I(a, e, g) does not hold.

Example 43 and Figure 5.1 (ii) illustrate how Reachable finds all variables

reachable along all active paths. Although linear, this approach can be wasteful.
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5.3 Relevant Path Separation

Our purpose here is to give a faster method for testing independencies in BNs in

practice. We begin by motivating our study.

m-Separation [46] is another method for testing independencies in BNs. Let X, Y ,

and Z be pairwise disjoint sets of variables in a BN B. m-Separation tests I(X, Y, Z)

with four steps: (i) prune B onto XY Z ∪ An(XY Z); (ii) construct the moraliza-

tion [47] of the sub-DAG constructed in step (i) by adding an undirected edge between

each pair of parents of a common child and then dropping directionality; (iii) delete Y

and its incident edges from the undirected graph built in (ii); and (iv) if there exists

a path from (any variable in) X to (any variable in) Z in (iii), then I(X, Y, Z) does

not hold; otherwise, I(X, Y, Z) holds.

Theorem 5.1 shows m-separation is correct by establishing equivalence with d-

separation.

Theorem 5.1. [46] Let X, Y , and Z be disjoint subsets of a DAG B. Then, Y

d-separates X from Z in B if and only if Y separates X from Z in the moralization

of the sub-DAG of B onto XY Z ∪ An(XY Z).

Proof. (⇐) By contraposition, suppose Y does not d-separate X from Z. Then there

exists an active path from X to Z. Every sequential variable on this path must be not

in Y ; otherwise, it would block the path. Similarly, every divergent variable on this

path must be not in Y . On the contrary, every convergent variable on this path must

either be in Y or have a descendent in Y ; otherwise, the path is blocked. It follows

that every variable on this active path is in XY Z ∪An(XY Z). Hence, every variable

in this path will appear in the moralized graph constructed onto XY Z ∪An(XY Z).

The moralization step will add an edge for each convergent variable on the active

path, thus creating a path from X to Z not involving Y .

(⇒) See [46].

A key property of d-separation involving active paths is mentioned in the proof

of Theorem 5.1.

Theorem 5.2. Given I(X, Y, Z) to be tested in a BN B, all active paths between X

and Z can only involve variables in XY Z ∪ An(XY Z).
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Proof. Follows immediately from the proof of Theorem 5.1.

Let I(X, Y, Z) be an independence to be tested in a BN B. A path from (any

variable in) X to (any variable in) Z is called relevant, if it only involves variables

in XY Z ∪ An(XY Z); otherwise, it is called irrelevant. The relevant part of B is its

sub-DAG onto XY Z ∪ An(XY Z).

Example 44. Consider testing I(a, e, g) in the BN B of Figure 5.1 (i). Then,

XY Z ∪ An(XY Z) = {a, e, g} ∪ {a, b, d, e} = {a, b, d, e, g}. There are only two

relevant paths. The path (a, d), (d, b), (b, e), (e, g) is relevant, since it only in-

volves variables in {a, b, d, e, g}. Similarly, the path (a, d), (d, g) is relevant. On

the contrary, the path (a, c), (c, f), (f, h), (h, g) is irrelevant, since it involves vari-

ables c, f, h /∈ {a, b, d, e, g}. Moreover, the path (a, c), (c, i), (i, j) is irrelevant as

c, i, j /∈ {a, b, d, e, g}. The relevant part of B is shown in Figure 5.1 (iii).

We now formally introduce a new method for testing independencies in BNs.

Definition 5.1. Let X, Y , and Z be pairwise disjoint sets of variables in a BN B.

The independence test I(X, Y, Z) holds if all relevant paths from (any variable in) X

to (any variable in) Z are blocked; otherwise, I(X, Y, Z) does not hold.

We call the method relevant path separation (rp-separation) to emphasize that

only the relevant part of a BN needs to be considered.

Example 45. Let us test I(a, e, g) in the BN B of Figure 5.1 (i) using rp-separation.

Given X = {a}, Y = {e}, and Z = {g}, then

XY Z ∪ An(XY Z) = {a, b, d, e, g}. (5.42)

There are only two relevant paths from X to Z to consider. The relevant path

(a, d), (d, g) is active, while the relevant path (a, d), (d, b), (b, e), (e, g) is blocked as d is

a closed convergent variable. Therefore, I(a, e, g) does not hold in B by rp-separation.

We now show the correctness of rp-separation.

Theorem 5.3. Independence I(X, Y, Z) holds in a BN B by d-separation if and only if

I(X, Y, Z) holds in B by rp-separation.
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Proof. Any path involving a variable not in XY Z ∪ An(XY Z) is ignored by rp-

separation. Thereby, rp-separation can be seen as applying d-separation on B′, where

B′ is the sub-DAG of B onto variables XY Z∪An(XY Z). However, testing I(X, Y, Z)

in B is equivalent to testing I(X, Y, Z) in B′ [46]. Therefore, the claim holds.

Although rp-separation only considers the relevant part of a BN, an efficient imple-

mentation, called RP-Reachable and given as Algorithm 4, traverses only the active

paths within the relevant part. It is based upon the Reachable algorithm in [44],

which instead traverses the active part of a BN. More specifically, given I(X, Y, Z) in

a BN B, Algorithm 4 takes X, Y , Z, and B as input and first marks those variables

in XY Z ∪ An(XY Z). The algorithm keeps track of whether a variable v is visited

from a child, denoted (↑, v), or visited from a parent, denoted (↓, v). In Algorithm

4, L is the set of variables to be visited, R is the set of reachable variables via active

paths, and V is the set of variables that have been visited. Active paths from X are

explored as long as they only involve variables in XY Z ∪ An(XY Z).

Example 46. Let us test I(a, e, g) in the BN B of Figure 5.1 (i) using RP-Reachable.

The initialization sets A = {b, e}, XY Zup = {a, b, d, e, g}, L = {(↑, a)}, V = ∅, and

R = ∅. The first iteration of the while loop in line 8 considers (↑, a). Next, R = {a}
and V = {(↑, a)}. Line 19 considers children c and d of a. However, the check for

relevant paths on line 20 results in L = {(↓, d)}. That is, traversing from a to c is

ignored because (a, c) is an irrelevant path. Similarly, when considering (↓, d) on the

second iteration, line 19 considers children f and g of d. However, line 20 only adds

(↓, g) and not (↓, f). The remainder follows similarly, yielding R = {a, d, g}.

Example 46 shows that RP-Reachable only explores the intersection depicted

in Figure 5.1 (iv).

Theorem 5.4. Algorithm 4 is linear in the number of directed edges in a BN B.

Proof. Consider I(X, Y, Z) to be tested in a BN B. Algorithm 4 extends Reachable

by computing XY Z ∪ An(XY Z) in line 4. Algorithm 4 also differs from Reachable

in lines 19, 22, 27, and 31 by checking whether a variable is in XY Z ∪ An(XY Z).

As Reachable computes ancestral sets and tests set membership [44], the claim

follows.
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5.4 Experimental Results and Analysis

We report on an empirical comparison of Reachable and RP-Reachable.

Both methods were implemented in Python using the NetworkX library (see networkx.

github.io). The experiments were conducted on a 2.3 GHz Inter Core i7 with 8 GB

RAM. The evaluation was carried out on 19 real-world or benchmark BNs listed in

the first column of Table 5.1. The second column of Table 5.1 reports the number of

variables in each BN. For each BN, 1000 independencies I(X, Y, Z) were randomly

generated. Following Reachable in [44], where X is a singleton set, in our ex-

periments X, Y , and Z are kept to being singleton sets. Then I(X, Y, Z) is tested

by Reachable and RP-Reachable. The average time in seconds required by

Reachable and RP-Reachable are reported in the third and fourth columns,

respectively. Time savings by RP-Reachable over Reachable is shown in the

fifth column. Table 5.1 shows that RP-Reachable was faster than Reachable on

average by 53%.

Lemma 8 and Theorem 5.5 analyze why RP-Reachable tends to be faster in

Table 5.1.

Lemma 8. Given an independence I(X, Y, Z) in a BN B, the set of variables reach-

able from X along active paths in RP-Reachable is a subset of those determined

in Reachable.

In Example 46, RP-Reachable determined R = {a, d, g}, as depicted in Figure

5.1 (iv), whereas, in Example 43, Reachable determined R = {a, c, f, h, i, j, d, g},
as shown in Figure 5.1 (ii).

Theorem 5.5. Consider testing I(X, Y, Z) in a BN B. If Reachable traverses an

irrelevant path, then either the path will remain active and never reach a variable

in XY Z ∪ An(XY Z) or it will necessarily become blocked by a closed convergent

variable not in XY Z ∪ An(XY Z).

The proofs of Lemma 8 and Theorem 5.5 will be provided in an extended paper.

Example 47. Recall Example 43 where I(a, e, g) is tested using Reachable. The

active path (a, c), (c, f), (f, h) is explored, giving (5.40). However, spending time

exploring this irrelevant path is wasteful, since (a, c), (c, f), (f, h), (h, g) is blocked
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Table 5.1: Comparison of Reachable and RP-Reachable with 1000 randomly
generated independencies I(X, Y, Z) in each BN. Average times are reported in sec-
onds and winners in bold.

savings over
BN Vars Reachable RP-Reachable Reachable
child 20 1.27E-04 1.14E-04 10%
insurance 27 1.93E-04 1.77E-04 8%
water 32 1.54E-04 1.38E-04 10%
mildew 35 1.62E-04 1.70E-04 -5%
alarm 37 1.39E-04 1.42E-04 -2%
barley 48 2.51E-04 2.40E-04 4%
hailfinder 56 1.70E-04 1.52E-04 11%
hepar2 70 3.14E-04 1.95E-04 38%
win95pts 76 1.21E-04 9.90E-05 18%
pathfinder 109 4.84E-04 1.19E-04 75%
munin1 186 5.70E-04 2.60E-04 54%
andes 223 8.21E-04 6.81E-04 17%
diabetes 413 2.38E-03 2.23E-03 6%
pigs 441 3.67E-04 1.11E-04 70%
link 724 1.20E-03 3.70E-04 69%
munin2 1003 7.66E-04 1.95E-04 75%
munin4 1038 1.57E-03 2.47E-04 84%
munin 1041 1.53E-03 2.44E-04 84%
munin3 1041 1.77E-03 2.45E-04 86%
Average Time 6.89E-04 3.23E-04 53%

by h, a closed convergent variable outside of {a, b, d, e, g}, as guaranteed by Theorem

5.5. Furthermore, Reachable explores the active path (a, c), (c, i), (i, j) as indicated

by (5.41). Again, time is wasted exploring this irrelevant path, since Theorem 5.5

ensures that such an active path must terminate before reaching g.

The important point when testing I(X, Y, Z) is that no active path from X to Z

can involve a variable outside of XY Z ∪An(XY Z). For instance, in Example 47, no

active path from a to g involves variables c, f , h, i or j. Therefore, variables that

are reachable via active paths, but that are not in XY Z ∪ An(XY Z), can be safely

ignored.

Besides a practical advantage, Theorems 5.2 and 5.5 provide a clearer descrip-

tion of d-separation. When explaining the test of independence I(X, Y, Z), the text-

books [44, 17, 63, 77, 43, 39] all discuss traversing at least one irrelevant path from
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X to Z without mentioning that this path will necessarily become blocked. This is

undesirable, since the d-separation test of I(X, Y, Z) is to decide whether or not there

exists an active path from X to Z. Testing irrelevant paths from X to Z does not

aid in answering this question. For improved clarity, only relevant paths should be

tested. For instance, in Example 45, the relevant path (a, d), (d, g) is active, while

the relevant path (a, d), (d, b), (b, e), (e, g) is blocked.

5.4.1 Variations of rp-Separation

There are two main ways in which rp-separation can be implemented in practice.

One approach is to mark and ignore those variables in the BN B not contained in

XY Z∪An(XY Z). A second approach is to prune B onto XY Z∪An(XY Z), yielding

a sub-BN B′.
The third and fourth columns of Table 5.2 show the running times of both ap-

proaches to implementing rp-separation following the same setup as described for

Table 5.1. The third column of Table 5.2 is for the implementation of rp-separation

by marking and ignoring variables not in XY Z ∪ An(XY Z). The fourth column is

for the implementation of rp-separation on a sub-BN B′ built by pruning the BN B
onto XY Z ∪ An(XY Z). Without exception, the marking approach was faster than

the pruning approach, as highlighted by winning times in bold. The average time

savings of marking over pruning is 20%.

5.5 Refining m-Separation

Here, we analyze and refine m-separation. We begin with an example of m-

separation.

Example 48. Consider testing I(a, e, g) using m-separation in the BN B of Figure 5.1

(i). In step (i), the sub-DAG constructed onto {a, e, g}∪An({a, e, g}) = {a, b, d, e, g}
is depicted in Figure 5.2 (i). In step (ii), the moralization of the sub-DAG is de-

picted in Figure 5.2 (ii), where undirected edges (a, b) and (d, e) were added and then

directionality was dropped. Edge (a, b) was added as a and b share common child d.

Similarly, d and e share common child g. In step (iii), variable e and its incident

edges (b, e), (d, e), and (e, g) are deleted, yielding the undirected graph in Figure 5.2
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Table 5.2: In each BN, 1000 independencies are randomly generated. The third and
forth columns indicate whether rp-separation is faster in practice using marking or
pruning. The fifth and sixth columns compare m-separation and refined m-separation.
Average times are reported in seconds and winners in bold.

rp-separation rp-separation refined
BN Vars by marking by pruning m-separation m-separation
child 20 1.14E-04 1.37E-04 2.33E-04 2.11E-04
insurance 27 1.77E-04 2.12E-04 4.65E-04 3.61E-04
water 32 1.38E-04 1.77E-04 5.29E-04 3.56E-04
mildew 35 1.70E-04 2.16E-04 5.57E-04 3.98E-04
alarm 37 1.42E-04 1.82E-04 4.25E-04 3.33E-04
barley 48 2.40E-04 2.94E-04 7.17E-04 5.25E-04
hailfinder 56 1.52E-04 1.98E-04 4.94E-04 3.76E-04
hepar2 70 1.95E-04 2.40E-04 5.53E-04 4.19E-04
win95pts 76 9.90E-05 1.35E-04 4.07E-04 2.90E-04
pathfinder 109 1.19E-04 1.43E-04 2.86E-04 2.42E-04
munin1 186 2.60E-04 3.29E-04 7.92E-04 6.00E-04
andes 223 6.81E-04 8.54E-04 2.49E-03 1.59E-03
diabetes 413 2.23E-03 2.71E-03 5.93E-03 4.33E-03
pigs 441 1.11E-04 1.51E-04 3.75E-04 3.06E-04
link 724 3.70E-04 4.92E-04 1.46E-03 9.73E-04
munin2 1003 1.95E-04 2.68E-04 7.19E-04 5.57E-04
munin4 1038 2.47E-04 3.26E-04 8.35E-04 6.29E-04
munin 1041 2.44E-04 3.22E-04 8.19E-04 6.19E-04
munin3 1041 2.45E-04 3.22E-04 7.84E-04 6.04E-04
Average Time 3.23E-04 4.06E-04 9.93E-04 7.22E-04

(iii). Since there exists a path from a to g in Figure 5.2 (iii), I(a, e, g) does not hold

in B by m-separation.

The complexity of m-separation is O(|E|2), where E is the number of directed

edges in the BN [29]. Although m-separation only considers relevant paths, it is

lacking for two other reasons. First, it builds a sub-DAG in step (i) by pruning the

given BN. The results in the third and fourth columns of Table 5.2 suggest that

a pruning step is slower than a marking step. Second, steps (ii) and (iii) can be

excessive.

Example 49. Adding edge (a, b) is wasteful in Figure 5.2 (ii), since there already

exists a path (a, d), (d, b) between a and b in the undirected graph in Figure 5.2 (iii).
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(i) (ii) (iii) (iv) (v)

Figure 5.2: Testing I(a, e, g) in the BN B in Figure 5.1 (i) with m-separation in (i)-(iii)
and with refined m-separation in (i), (iv), and (v).

Example 49 shows that m-separation can add edges that do not change connec-

tivity.

Example 50. Adding edge (d, e) is wasteful in Figure 5.2 (ii), since (d, e) is deleted

in Figure 5.2 (iii).

Example 50 demonstrates that m-separation can add an edge in step (ii) only to

delete it in step (iii). We now put forth a refinement of m-separation.

Let X, Y , and Z be pairwise disjoint sets of variables in a BN B. Then, refined

m-separation tests I(X, Y, Z) with four steps: (i) mark and ignore variables of B not

in XY Z ∪ An(XY Z); (ii) add undirected edge (vi, vj) between parents vi and vj of

a common child vk, only if vk ∈ Y and vi, vj /∈ Y ; (iii) delete Y and its incident

edges from the undirected graph built in (ii); and (iv) if there exists a path from (any

variable in) X to (any variable in) Z in (iii), then I(X, Y, Z) does not hold; otherwise,

I(X, Y, Z) holds.

Example 51. Consider testing I(a, e, g) in the BN B of Figure 5.1 (i) using refined

m-separation. In step (i), the variables under consideration are {a, e, g}∪{a, b, d, e} =

{a, b, d, e, g} as illustrated in Figure 5.2 (i). In step (ii), variables a and b have

variable d as common child, but d /∈ Y . Similarly, variables d and e have common

child g /∈ Y . Thus, no undirected edges are added in step (ii), as depicted in Figure

5.2 (iv), where directionality has been dropped. Variable e and its incident edges (b, e)

and (e, g) are deleted in step (iii), yielding Figure 5.2 (v). Since there exists a path

from a to g in Figure 5.2 (v), I(a, e, g) does not hold in B by refined m-separation.
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Example 51 underscores the advantage of the refined m-separation algorithm. It

only adds required edges and it never adds an edge in step (ii) that will be subse-

quently deleted in step (iii).

The fifth and sixth columns of Table 5.2 provide the results of an empirical com-

parison between m-separation and refined m-separation. The experiments were con-

ducted in the same manner as those in Table 5.1. The refined m-separation algorithm

was faster than m-separation in all cases. The time savings were 27% on average. Fur-

thermore, as the same randomly generated independencies were used in Tables 5.1

and 5.2, it can be seen that refined m-separation is slower than using Reachable,

let alone RP-Reachable.

It is worth mentioning here that moralization is ideally suited when applied for

building a join tree [47] for a given DAG. For this purpose, moralization ensures

that a clique containing all variables in each CPT of the BN is formed in the undi-

rected graph. On the contrary, moralization can be overkill when applied for testing

independencies in BNs.

5.6 Related Work

Although the motivation and focus of this chapter is on m-separation and d-

separation, other methods for testing independencies also consider irrelevant active

paths.

Bayes-Ball (BB) [74] is a simple algorithm that can be applied for testing indepen-

dencies and for determining requisite information in decision problems. Whereas [29]

runs in time linear in the size of the DAG, BB runs in time linear in the size of the

active part of the DAG. Although the efficiency gain is modest (sub-linear versus

linear), the computation of requisite information is performed at the same time as

irrelevance is determined. However, when applied for testing independencies, we will

show that BB can explore irrelevant active paths.

Due to space limitations, we overview BB and refer the reader to [74] for details.

To test I(X, Y, Z) in a BN B, BB takes X and Y as input. It sends a bouncing ball to

visit variables in B starting from X. Depending on the type of variable with respect

to Y and the direction from which the ball came (from parents or from children), the

ball can pass through the variable, bounce back, or be blocked. The ball behaviour
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corresponds to reachability along active paths.

Example 52. Let us test I(a, e, g) in the BN B of Figure 5.1 (i) using BB. Starting at

X = {a}, the ball can pass through c, pass through i, and bounce back at j. Moreover,

the ball can pass through f , and then is blocked at h. The remainder of the example

is immaterial to our discussion.

Example 52 highlights the fact that BB explores irrelevant active paths. Although

the path (a, c),(c, i),(i, j) is active, it is irrelevant as active paths from a to g can only

involve variables in {a, e, g} ∪ An({a, e, g}). In addition, BB explores the irrelevant

active path (a, c), (c, f), (f, h), (h, g), which is guaranteed by Theorem 5.5 to become

blocked, by closed convergent variable h in this case.

The function dSep in the ggm library [52], written in the R programming lan-

guage, is based upon an alternative method of testing independencies given in [81].

Although the test does not use Reachable per se, it can be seen as exploring irrel-

evant paths.

An empirical evaluation of RP-Reachable with BB and dSep remains as future

work.

5.7 Conclusion

When testing independence I(X, Y, Z) in a BN B, the definition of d-separation

considers the entire BN, namely, checking whether every path from X to Z is active or

blocked. The method in [29] always checks every directed edge in B, but still decides

all active paths in linear time. The Bayes-Ball [74] and Reachable [44] algorithms

do not necessarily explore the entire BN, i.e., they find all variables reachable from X

along active paths. Here, we emphasize that I(X, Y, Z) can be tested by considering

only the relevant part of B. The relevant part of B is its sub-DAG onto XY Z ∪
An(XY Z). Finally, we suggest RP-Reachable that only traverses the active paths

within the relevant part. Figure ?? reflects these ideas using the test of independence

I(a, e, g). The experimental results in Table 5.1 show that RP-Reachable is 53%

faster on average than Reachable in real-world or benchmark BNs. The work

presented in this chapter was inspired by Darwinian networks [9].
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Algorithm 2 Given an independence I(X, Y, Z), RP-Reachable traverses all ac-
tive paths from X within the relevant part of a BN B.

1: procedure RP-Reachable(X,Y ,Z,B)
2: . Initialization
3: A← Y ∪ An(Y )
4: XY Zup ← XY Z ∪ An(XY Z) . The relevant part of B
5: for v ∈ X do . (Variable,direction) to be visited
6: L← L ∪ {(↑, v)}
7: V ← ∅ . (Variable,direction) marked as visited
8: R← ∅ . Variables reachable via an active path
9: . Starting from X traverse relevant paths that are active
10: while L 6= ∅ do . While variables to be checked
11: Select (d, v) in L
12: L← L− {(d, v)}
13: if (d, v) /∈ V then . If v has not been visited from direction d
14: if v /∈ Y then
15: R← R ∪ {v} . v is reachable

16: V ← V ∪ {(d, v)} . Mark v as visited from direction d
17: if d =↑ and v /∈ Y then
18: for vi ∈ Pa(v) do . v is open serial
19: if vi ∈ XY Zup then . Only explore relevant paths
20: L← L ∪ {(↑, vi)}
21: for vi ∈ Ch(v) do . v is open divergent
22: if vi ∈ XY Zup then . Only explore relevant paths
23: L← L ∪ {(↓, vi)}
24: else if d =↓ then
25: if v /∈ Y then
26: for vi ∈ Ch(v) do . v is open serial
27: if vi ∈ XY Zup then . Only explore relevant paths
28: L← L ∪ {(↓, vi)}
29: if v ∈ A then
30: for vi ∈ Pa(v) do . v is open convergent
31: if vi ∈ XY Zup then . Only explore relevant paths
32: L← L ∪ {(↑, vi)}
33: return R . All variables reachable from X via active paths within the

relevant part of B
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Chapter 6

Exploiting Symmetry of Independence in

d-Separation

6.1 Introduction

d-Separation [61] is perhaps the greatest contribution made in the founding of

Bayesian networks (BNs) [62]. d-Separation is a graphical test of those probabilistic

conditional independencies encoded in the directed acyclic graph (DAG) of a BN. One

striking feature is that the independencies read from the DAG are guaranteed to hold

in the joint probability distribution defined by the BN. Another salient characteris-

tic is that d-separation can be implemented with linear complexity in the number

of edges in the DAG. Consequently, d-separation continues to be useful in a wide

range of areas, including causal inference in statistics [63], cause and correlation in

biology [77], extrapolation across populations [64], cognition [57], handling missing

data [55], bioinformatics [56], and deep learning [34]. Many variations have been

studied for d-separation [17, 29, 44, 60, 46, 74]. Given disjoint pairwise sets X, Y ,

and Z of variables (nodes), the conditional independence of X and Z given Y , de-

noted I(X, Y, Z), holds in a DAG, if there does not exist an active path from X to

Z with respect to Y [61]. It is known that if I(X, Y, Z) holds by d-separation in the

DAG, then I(X, Y, Z) holds in joint probability distribution defined by the BN.

Lauritzen et al. [46] have established that said active paths can only involve nodes

in XY Z and their ancestors. Hence, one fundamental optimization step is to restrict

attention to the sub-DAG defined on these variables. However, all the above imple-

mentations find RX , the reachable nodes from X along active paths with respect to
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Y , and then test whether

RX ∩ Z = ∅. (6.43)

Thereby, all previous implementations ignore the fact that probabilistic conditional

independence is symmetric [19].

In this chapter, we propose Symmetric d-Separation as the first d-separation

implementation that exploits the symmetry of probabilistic conditional independence.

Since I(X, Y, Z) is equivalent to I(Z, Y,X) by symmetry, the test can be answered

by computing RZ , the nodes reachable from Z along active paths with respect to Y ,

and then testing whether

RZ ∩X = ∅. (6.44)

It is important to realize that RX and RZ can contain different nodes and may have

distinct cardinalities. Our analysis of reachability highlights that v-structure [44]

nodes play an important role in this regard. More specifically, it may be better to

approach observed v-structure nodes from the bottom. Approaching an observed v-

structure node from a child blocks an active path, whereas an active path can continue

when approaching an observed v-structure node from a parent. Hence, a measure,

called depth, is suggested to decide whether the search should run from start to goal

or from goal to start. One salient feature is that depth can be computed during

the pruning optimization step of finding the ancestor set of XY Z. An empirical

comparison is conducted against a clever implementation of d-separation suggested

by [17], which we refer to as Darwiche. The experimental results are promising in

two aspects. The effectiveness increases with network size, as well as with the amount

of observed evidence, culminating with an average time savings of 9% in the 9 largest

BNs used in our experiments.

6.2 Darwiche’s Implementation of d-Separation

Definition 6.1. [61] A variable vk is called a v-structure [44] in a DAG D, if D
contains directed edges (vi, vk) and (vj, vk), but not a directed edge between variables

vi and vj.

For example, D, G, and H are the 3 v-structure nodes in Figure 6.1i.
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(i) (ii) (iii)

Figure 6.1: When testing I(D,G,H) in Figure 6.1i, active paths between D and H
with respect to G can only involve variables in the sub-DAG in Figure 6.1ii defined
over DGH ∪ An(DGH). Darwiche’s sub-DAG in Figure 6.1iii.

d-Separation [61] tests independencies in BNs and can be presented as follows [17].

Let X, Y , and Z be pairwise disjoint sets of variables in a BN D. We say X and Z

are d-separated by Y , denoted I(X, Y, Z), if at least one variable on every undirected

path from (any variable in) X to (any variable in) Z is closed. On a path, there

are three kinds of variable v: (i) a sequential variable means v is a parent of one

of its neighbours and a child of the other; (ii) a divergent variable is when v is a

parent of both neighbours; and (iii) a convergent variable is when v is a child of both

neighbours. A variable v is either open or closed. A sequential or divergent variable

is closed, if v ∈ Y . A convergent variable is closed, if (v ∪ De(v)) ∩ Y = ∅. A path

with a closed variable is blocked ; otherwise, it is active.

A fundamental optimization step stems from Lemma 9.

Lemma 9. [46] When testing I(X, Y, Z) in a BN D, an active path from X to Z

with respect to Y can only involve nodes in XY Z ∪ An(XY Z).

For example, consider testing I(D,G,H) in the DAG shown in Figure 6.1i. As

{D,G,H} ∪ An(D,G,H) = {A,B,D,E, F,G,H}, (6.45)

the independence I(D,G,H) can be safely tested in the sub-DAG shown in Figure

6.1ii.

Given an independence statement I(X, Y, Z) to be tested in a BN D. By RX , we

denote the set of nodes reachable from X along active paths with respect to Y . For
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instance, when testing I(D,G,H) in the pruned DAG in Figure 6.1ii, the reachable

nodes from D are RD = {A,B,E}.
Here, we review a clever implementation of d-separation as suggested by [17],

which we will henceforth refer to as Darwiche.

Theorem 6.1. [17] Testing whether X and Z are d-separated by Y in DAG D is

equivalent to testing whether X and Z are disconnected in a new DAG D′, which is

obtained by pruning D as follows:

• delete any leaf node W from D as long as W does not belong to X ∪ Y ∪ Z.

This process is repeated until no more nodes can be deleted.

• delete all edges outgoing from nodes in Y .

This implementation is clever in that its connectivity test ignores edge directions,

yet is equivalent to testing active paths [17].

Example 53. Consider testing I(D,G,H) in the DAG D in Figure 6.1i using

Darwiche. Leaf nodes C and J are removed in the first pruning step of Theorem

6.1. Directed edge (G,H) is deleted in the second pruning step, yielding the sub-DAG

in Figure 6.1iii. The nodes reachable from node D are

RD = {A,B,D,E}.

Therefore, I(D,G,H) holds, since node H is not reachable from D.

6.3 d-Separation Exploiting Symmetry

In this section, we present a novel implementation of d-separation that exploits

the symmetry of probabilistic conditional independence.

Symmetry is a known property of probabilistic conditional independence [19] and

is included as one inference axiom in the semi-graphoid axioms [61]. Thus, I(X, Y, Z)

holds in P (U) if and only if I(Z, Y,X) holds in P (U).

Given I(X, Y, Z), the nodes RX reachable from X will often be different from the

nodes RZ reachable from Z, since X and Z are disjoint sets of nodes.

Example 54. Recall testing I(D,G,H) in Figure 6.1i, where the pruning optimiza-

tion step yields the sub-DAG on {D,G,H} ∪ An(DGH) in Figure 6.1ii. Notice that

RD = {A,B,D,E}, while RH = {F,H}.

71



(i) (ii)

Figure 6.2: Consider v-structure node C ∈ Y in I(X, Y, Z). (6.2i) Approaching C
from the top, say from A, renders B reachable. (6.2ii) Approaching C from the
bottom, makes B unreachable.

We now analyze factors that affect reachability.

The set of reachable nodes can depend on the direction a node is approached from

and on the kind of node. Consider a v-structure node vi with parent set Pi and such

that vi ∈ Y in I(X, Y, Z). Then reaching any node in Pi makes all other non-evidence

nodes in Pi reachable, since vi is an open, convergent variable. On the contrary, Pi is

not reachable from the children of vi, since vi is a closed, sequential variable.

Example 55. Consider the v-structure C in the DAG D in Figure 6.2ii, where C ∈ Y
of I(X, Y, Z). C does not block the path from A to B in Figure 6.2i, since C is an

open, convergent variable. On the contrary, C blocks the path from D to B (and A)

in Figure 6.2ii, since C is a closed, sequential variable.

Consequently, it may be better to compute reachability in DAGs from bottom-to-

top rather than top-to-bottom. Given I(X, Y, Z) to be tested in a DAG, the universal

approach to implementing d-separation is to test whether

RX ∩ Z = ∅. (6.46)

However, by symmetry of independence, one may equivalently test whether

RZ ∩X = ∅. (6.47)

The idea is to compute the smaller of RX and RZ . It is conjectured that the set with

fewer nodes between RX and RZ corresponds to the set X or Z appearing “lower” in

the DAG. In other words, if X is lower than Z in the DAG, then RX likely has fewer

elements than RZ .

72



Algorithm 3 Symmetric d-separation tests whether a given independence I(X, Y, Z)
holds in a given BN D.

1: procedure Symmetric d-separation(X,Y ,Z,D)
2: . Initialization
3: Xup ← X ∪ An(X)
4: Y up ← Y ∪ An(Y )
5: Zup ← Z ∪ An(Z)
6: XY Zup ← Xup ∪ Y up ∪ Zup . The relevant part of D
7: . Exploit symmetry
8: if |An(X)| > |An(Z)| then . Check depth
9: RX ← Symmetric-Reachable(X, Y, Z,D, XY Zup)
10: if RX ∩ Z = ∅ then
11: return true
12: else . Test I(X, Y, Z) as I(Z, Y,X)
13: RZ ← Symmetric-Reachable(Z, Y,X,D, XY Zup)
14: if RZ ∩X = ∅ then
15: return true
16: return false

We now propose a measure of depth for a given set of nodes in a DAG.

Definition 6.2. The depth of a set W of nodes in a DAG, denoted depth(W ), is

defined as |An(W )|.

Example 56. In Figure 6.1ii, depth(D) = 2, since An(D) = {A,B}.

Given I(X, Y, Z) to be tested in a DAG, if depth(X) > depth(Z), we test

RX ∩ Z = ∅;

otherwise, test

RZ ∩X = ∅.

Our main contribution, called Symmetric d-Separation, is formally given in

Algorithm 3. For computing reachable nodes in lines 9 and 13, we use Algorithm 4.

Example 57. Let us test I(D,G,H) in Figure 6.1i using Algorithm 3. In particular,

line 3 computes

Dup = {A,B,D},
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while line 5 determines

Hup = {A,B,D,E, F,G,H}.

The computation of Dup and Hup is used in the key pruning step in line 6. Line

8 checks depth. Since |An(D)| < |An(H)|, we exploit symmetry to instead test

I(H,G,D) in line 12. In line 13,

RH = {F,H}.

In line 14,

RH ∩ {D} = ∅.

Hence, I(H,G,D) holds.

The key point in Example 57 is that it is beneficial to take advantage of symmetry

in order to test I(D,G,H) as I(H,G,D). Recall how Darwiche tests I(D,G,H)

in Example 53. First, Darwiche prunes the DAG. Next, Darwiche computes the

nodes reachable from D,

RD = {A,B,D,E}, (6.48)

and then tests whether

RD ∩ {H} = ∅. (6.49)

In contrast, consider how Symmetric d-Separation tested I(D,G,H) in Ex-

ample 57. By computing An(D) and An(H) during the pruning optimization step, it

estimated that H is lower than D in the DAG of Figure 6.1ii. Since it may be prefer-

able to traverse bottom-up, symmetry is exploited to equivalently test I(D,G,H) as

I(H,G,D). Hence, the nodes reachable from H are computed,

RH = {F,H}, (6.50)

and then it is checked whether

RH ∩ {D} = ∅. (6.51)

Thereby, Darwiche computed RD = {A,B,D,E} in (6.48), whereas Symmetric

d-Separation computed RH = {F,H} in (6.50).
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6.4 Experimental Results

We report on an empirical comparison of Darwiche and Symmetric-

Reachable. Both methods were implemented in Python using the NetworkX library

(see networkx.github.io). The experiments were conducted on a 2.9 GHz Intel Core

i7 with 8 GB RAM. The evaluation was carried out on 18 real-world or benchmark

BNs listed in the first columns of Table 6.1. The second column reports the num-

ber of variables in each BN. For each BN, 1000 independencies I(X, Y, Z) were ran-

domly generated and tested by Darwiche and Symmetric-Reachable. Following

Reachable in [44], in our experiments X and Z are kept to being singleton sets. The

average time in seconds required by Darwiche and Symmetric-Reachable are re-

ported in the fourth and sixth columns, respectively. For completeness, the percentage

of time taken by Darwiche to prune is listed in the third column, while the percent-

age of time taken to exploit symmetry in Symmetric-Reachable is given in the fifth

column. In the last column, we show the time savings of Symmetric-Reachable

over Darwiche.

Experiments are broken down into separate cases based on the percentage of

evidence variables. Table 6.1 reports the case where 1% of the BN variables are

randomly instantiated as evidence Y ∈ I(X, Y, Z). Similarly, Tables 6.2, 6.3, and 6.4

show cases 5%, 10%, and 25%, respectively.

Table 6.1 shows that Darwiche is faster than Symmetric d-Separation by

an average of 6% when 1% evidence is considered. In Table 6.2, for 5% evidence,

Symmetric d-Separation is faster in the 10 largest BNs and slower in the 8 small-

est BNs. Symmetric d-Separation wins in 15 out of 18 BNs when 10% evidence

is considered in Table 6.3. Finally, in Table 6.4, Symmetric d-Separation is faster

than Darwiche in all BNs by an average of 6%, where 25% evidence is examined.

Deeper analysis of experimental results reveals two trends. First note that the time

savings offered by Symmetric d-Separation is proportional to the percentage of

observed variables. The more evidence that is observed, the greater the time savings of

Symmetric d-Separation over Darwiche. Darwiche is faster than Symmetric

d-Separation by 6% when 1% evidence is considered, and by 1% when 5% evidence

is examined. In contrast, Symmetric d-Separation, is faster than Darwiche by

2% when 10% evidence is considered, and by 6% when 25% evidence is tested.
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Table 6.1: With 1% of evidence, comparison of Darwiche and Symmetric d-
Separation with 1000 randomly generated independencies in each BN.

time pruning time (s) time time (s) time
BN size darwiche darwiche swap sym sep savings
child 20 4.77% 2.74E-02 1.21% 2.76E-02 -0.58%
insurance 27 4.77% 2.74E-02 1.15% 2.82E-02 -2.96%
water 32 5.17% 2.96E-02 1.16% 3.04E-02 -2.68%
mildew 35 5.04% 2.85E-02 1.08% 3.03E-02 -6.14%
alarm 37 4.87% 2.77E-02 1.25% 2.80E-02 -1.04%
barley 48 4.89% 3.00E-02 1.01% 3.16E-02 -5.48%
hailfinder 56 4.81% 2.91E-02 1.03% 3.05E-02 -4.92%
hepar2 70 4.64% 2.95E-02 1.22% 3.16E-02 -7.21%
win95pts 76 5.36% 3.12E-02 1.00% 3.33E-02 -6.57%
pathfinder 109 5.13% 3.90E-02 0.95% 4.21E-02 -7.91%
munin1 186 5.15% 3.38E-02 0.77% 3.95E-02 -16.70%
andes 223 3.97% 6.64E-02 0.49% 7.58E-02 -14.25%
pigs 441 5.01% 1.20E-01 0.37% 1.28E-01 -6.50%
link 724 4.26% 2.41E-01 0.20% 2.57E-01 -6.70%
munin2 1003 4.96% 4.44E-01 0.22% 4.76E-01 -7.26%
munin4 1038 4.55% 3.45E-01 0.19% 3.65E-01 -5.80%
munin 1041 3.97% 2.91E-01 0.15% 3.05E-01 -4.59%
munin3 1041 4.55% 3.76E-01 0.21% 4.10E-01 -8.96%
Average 4.77% 1.23E-01 0.76% 1.32E-01 -6.46%

The second trend to note is that Symmetric d-Separation is especially effective

on larger BNs. Consider those 9 BNs in Table 6.1 with more than 100 variables. It

can be verified that Darwiche is faster by 9% when 1% evidence is considered.

Symmetric d-Separation, on the other hand, is faster in 5% by 2%, in 10% by

3%, and in 25% by 9%, respectively.

The important point in this section is that the experimental results show the

usefulness of Symmetric d-Separation when implementing d-separation.

6.5 Conclusion

Although d-separation [61] has been extensively studied, all previous implemen-

tations, including [17], [29], [44], [60], [74], and [46], test independence I(X, Y, Z) by

computing RX , the nodes reachable from X along active paths with respect to Y ,
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Table 6.2: With 5% of evidence, comparison of Darwiche and Symmetric d-
Separation with 1000 randomly generated independencies in each BN.

time pruning time (s) time time (s) time
BN size darwiche darwiche swap sym sep savings
child 20 5.24% 3.33E-02 1.15% 3.39E-02 -1.67%
insurance 27 5.11% 3.00E-02 1.09% 3.19E-02 -6.29%
water 32 5.12% 3.25E-02 1.19% 3.34E-02 -2.72%
mildew 35 5.04% 3.11E-02 1.03% 3.33E-02 -7.17%
alarm 37 5.32% 2.94E-02 1.18% 3.00E-02 -1.98%
barley 48 5.00% 6.45E-02 0.70% 6.83E-02 -5.97%
hailfinder 56 4.88% 5.82E-02 0.63% 5.98E-02 -2.73%
hepar2 70 4.57% 8.35E-02 0.47% 8.43E-02 -0.89%
win95pts 76 4.52% 8.31E-02 0.48% 8.30E-02 0.12%
pathfinder 109 3.90% 1.27E-01 0.32% 1.26E-01 0.87%
munin1 186 3.59% 2.26E-01 0.18% 2.25E-01 0.37%
andes 223 4.38% 3.62E-01 0.21% 3.59E-01 0.87%
pigs 441 3.56% 5.90E-01 0.09% 5.86E-01 0.56%
link 724 3.93% 1.30E+00 0.10% 1.29E+00 0.76%
munin2 1003 3.44% 1.52E+00 0.05% 1.48E+00 2.58%
munin4 1038 3.43% 1.55E+00 0.05% 1.50E+00 2.94%
munin 1041 3.41% 1.57E+00 0.05% 1.53E+00 2.91%
munin3 1041 3.34% 1.53E+00 0.05% 1.49E+00 2.31%
Average 4.32% 5.12E-01 0.50% 5.03E-01 -0.84%

and then test whether RX∩Z = ∅. Thereby, no previous study has examined exploit-

ing the symmetry [19] of probabilistic conditional independence when implementing

d-separation.

In this chapter, we consider exploiting symmetry to answer I(X, Y, Z) by testing

I(Z,X, Y ). This involves computing RZ , the nodes reachable from Z along active

paths with respect to Y , and then checking whether RZ ∩X = ∅. It is important to

realize that RX and RZ can contain different variables and have distinct cardinalities.

Our analysis in Section 3 reveals that v-structure nodes play a critical role in this

respect. As shown in Example 55, it is better to approach an observed v-structure

node from the bottom (from a child) rather than from the top (from a parent). When

approached from the bottom, the parents are not reachable, since the v-structure

node is a closed, sequential valve. In contrast, when approached from the top, all
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Table 6.3: With 10% of evidence, comparison of Darwiche and Symmetric d-
Separation with 1000 randomly generated independencies in each BN.

time pruning time(s) time time(s) time
BN size darwiche darwiche swap sym sep savings
child 20 4.33% 5.20E-02 0.64% 5.27E-02 -1.52%
insurance 27 4.21% 5.21E-02 0.62% 5.21E-02 0.10%
water 32 4.45% 9.13E-02 0.50% 9.18E-02 -0.45%
mildew 35 4.10% 7.52E-02 0.45% 7.48E-02 0.60%
alarm 37 4.11% 7.45E-02 0.44% 7.35E-02 1.36%
barley 48 4.11% 1.06E-01 0.37% 1.05E-01 1.15%
hailfinder 56 3.83% 1.29E-01 0.34% 1.27E-01 2.27%
hepar2 70 3.66% 1.81E-01 0.24% 1.76E-01 2.93%
win95pts 76 4.30% 2.24E-01 0.28% 2.18E-01 2.66%
pathfinder 109 4.36% 3.00E-01 0.23% 2.95E-01 1.69%
munin1 186 3.98% 5.38E-01 0.14% 5.27E-01 2.14%
andes 223 3.41% 5.91E-01 0.09% 5.86E-01 0.90%
pigs 441 3.82% 1.46E+00 0.09% 1.48E+00 -1.88%
link 724 3.14% 2.22E+00 0.03% 2.21E+00 0.51%
munin2 1003 3.28% 3.94E+00 0.05% 3.73E+00 5.29%
munin4 1038 3.29% 3.90E+00 0.04% 3.65E+00 6.28%
munin 1041 3.08% 3.91E+00 0.03% 3.59E+00 8.11%
munin3 1041 3.20% 4.13E+00 0.04% 3.84E+00 6.87%
Average 3.81% 1.22E+00 0.26% 1.16E+00 2.17%

other non-evidence parents are reachable, since the v-structure node is an open, con-

vergent valve. Then, more generally, it may be better to find reachable nodes from

whichever of X and Z is “lower” in the DAG. We suggest a measure of depth in

Definition 6.2. We incorporate symmetry into our implementation of d-separation,

given in Algorithm 4, and called Symmetric d-Separation. We empirically com-

pare our approach with the implementation of d-separation suggested by [17] with

favourable results. The experimental results are promising in two aspects. The effec-

tiveness increases with network size, as well as with the amount of observed evidence,

culminating with an average time savings of 9% in the 9 largest networks.

This work was motivated in part by recent advances in graph search [38]. Classical

search algorithms such as A∗ are unidirectional and have been extended to search

from goal to start and to search from the start and goal simultaneously, meeting

somewhere in the middle. Future work can investigate a meet in the middle variation
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of d-separation. Other applications of our work may include influence diagram [44]

and inference algorithms that test independencies, such as Lazy Propagation [50].
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Algorithm 4 Given an independence I(X, Y, Z), Symmetric-Reachable traverses
all active paths from X within the relevant part of a BN D.

1: procedure Symmetric-Reachable(X,Y ,Z,D, XY Zup)
2: V ← ∅ . (Variable,direction) marked as visited
3: R← ∅ . Variables reachable via an active path
4: L← ∅ . (Variable,direction) to be visited
5: for v ∈ X do
6: L← L ∪ {(↑, v)}
7: . Starting from X traverse relevant paths that are active
8: while L 6= ∅ do . While variables to be checked
9: Select (d, v) in L
10: L← L− {(d, v)}
11: if (d, v) /∈ V then . If v has not been visited from direction d
12: if v /∈ Y then
13: R← R ∪ {v} . v is reachable

14: V ← V ∪ {(d, v)} . Mark v as visited from direction d
15: if d =↑ and v /∈ Y then
16: for vi ∈ Pa(v) do . v is open sequential
17: if vi ∈ XY Zup then . Only explore relevant paths
18: L← L ∪ {(↑, vi)}
19: for vi ∈ Ch(v) do . v is open divergent
20: if vi ∈ XY Zup then . Only explore relevant paths
21: L← L ∪ {(↓, vi)}
22: else if d =↓ then
23: if v /∈ Y then
24: for vi ∈ Ch(v) do . v is open sequential
25: if vi ∈ XY Zup then . Only explore relevant paths
26: L← L ∪ {(↓, vi)}
27: if v ∈ A then
28: for vi ∈ Pa(v) do . v is open convergent
29: if vi ∈ XY Zup then . Only explore relevant paths
30: L← L ∪ {(↑, vi)}
31: return R . All variables reachable from X via active paths within the

relevant part of D
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Table 6.4: With 25% of evidence, comparison of Darwiche and Symmetric d-
Separation with 1000 randomly generated independencies in each BN.

time pruning time(s) time time(s) time
BN size darwiche darwiche swap rp sep savings
child 20 4.09% 1.65E-01 0.35% 1.62E-01 1.74%
insurance 27 4.02% 1.69E-01 0.31% 1.62E-01 3.98%
water 32 4.14% 2.57E-01 0.29% 2.52E-01 1.85%
mildew 35 4.27% 2.41E-01 0.27% 2.37E-01 1.75%
alarm 37 4.01% 2.54E-01 0.24% 2.45E-01 3.62%
barley 48 3.85% 3.47E-01 0.20% 3.32E-01 4.15%
hailfinder 56 3.91% 4.19E-01 0.18% 4.05E-01 3.34%
hepar2 70 3.90% 4.97E-01 0.16% 4.82E-01 3.04%
win95pts 76 3.90% 5.66E-01 0.15% 5.62E-01 0.84%
pathfinder 109 3.78% 8.20E-01 0.12% 7.99E-01 2.57%
munin1 186 3.64% 1.49E+00 0.08% 1.44E+00 3.21%
andes 223 3.59% 1.80E+00 0.07% 1.74E+00 3.61%
pigs 441 3.09% 4.33E+00 0.05% 4.22E+00 2.53%
link 724 2.64% 8.76E+00 0.02% 8.38E+00 4.32%
munin2 1003 2.24% 1.36E+01 0.02% 1.12E+01 18.08%
munin4 1038 2.25% 1.41E+01 0.03% 1.20E+01 14.88%
munin 1041 2.26% 1.41E+01 0.02% 1.20E+01 15.04%
munin3 1041 2.26% 1.45E+01 0.02% 1.23E+01 15.02%
Average 3.44% 4.25E+00 0.14% 3.71E+00 5.76%
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Chapter 7

Sum-Product Networks

Here we give pertinent definitions and review two deep learning networks: arith-

metic circuits and sum-product networks.

We use uppercase letters X to denote variables and lowercase letters x to denote

their values. We denote sets of variables with boldface uppercase letters X and their

instantiations with boldface lowercase letters x. For a boolean variable X, x denotes

when X = true and x̄ for X = false. Also, we use P (x) instead of P (X = x) and

P (x) to mean P (X = x). Lastly, we denote graphs with calligraphic letters.

7.0.1 Arithmetic Circuits

Bayesian networks [61] are probabilistic graphical models composed of a directed

acyclic graph (DAG) and a set of conditional probability tables (CPTs) corresponding

to the structure of the DAG. For example, Figure 7.1 shows the DAG of a Bayesian

network B on binary variables A, B, and C, where CPTs P (A), P (B|A), and P (C|A)

are not illustrated.

Figure 7.1: A Bayesian network.
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Figure 7.2: An AC for the Bayesian network in Figure 7.1 following (58).

Bayesian networks are compiled into Arithmetic Circuits (ACs) [16] by mapping

the operations performed when marginalizing all variables from the BN into a graph.

Example 58. Consider marginalizing variables A, B, and C from the Bayesian

network in Figure 7.1: ∑
A

P (A) ·
∑
B

P (B|A) ·
∑
C

P (C|A). (7.52)

The computational process in Example 58 can be represented as the AC in Figure

7.2 and formalized next.

Definition 7.1. [16] An arithmetic circuit (AC) over variables U is a rooted, DAG

whose leaf nodes are labeled with numeric constants, called parameters, or λ variables,

called indicators, and whose other nodes are labeled with multiplication and addition

operations.

Notice that parameter variables are set according to the Bayesian network CPTs,

while indicator variables are set according to any observed evidence.
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Example 59. Figure 7.2 shows an AC. Here, P (a) = θa and P (b|a) = θb|a, the

parameters are the numeric constant variables in the leaf nodes. The indicators are

the λ variables in the leaf nodes, including λa, the indicator for a, and λā the indicator

for ā.

In practical terms, an AC graphically represents a network polynomial over vari-

ables U, where for each X ∈ U, we have a set of indicator variable λx and for each

network parameter for CPT P (x|u), we have a set of parameters θx|u.

Example 60. The AC in Figure 7.2 represents the following network polynomial f :

f = (λa · θa) · (λb · θb|a + λb̄ · θb̄|a) · (λc · θc|a + λc̄ · θc̄|a) (7.53)

+ (λā · θā) · (λb · θb|ā + λb̄ · θb̄|ā) · (λc · θc|ā + λc̄ · θc̄|ā) (7.54)

A query can be answered in an AC in time and space linear in the circuit size [16],

where size means the number of edges. In order to evaluate an AC, we first set the

indicator variables to 0 or 1 accordingly to any observed evidence. For example, when

computing P (a, c̄), indicators λa, λb, λb̄, and λc̄ are set to 1, while indicators λā and

λc are set to 0. Next, we traverse the AC upward computing the value of a node after

having computed the values of its children. A downward pass can be performed to

compute the posterior of all variables given evidence [16].

7.0.2 Sum-Product Networks

Sum-Product Networks (SPNs) [70] are a deep probabilistic model. One striking

feature of SPNs is that they can efficiently represent tractable probability distribu-

tions [71].

Definition 7.2. [70] A Sum-product network (SPN) over Boolean variables X is

a rooted DAG whose leaves are indicators λx1 , . . . , λxN
and λx̄1 , . . . , λx̄N

and whose

internal nodes are sums and products. Each edge (vi, vj) emanating from a sum node

vi has a non-negative weight wij. The value of a product node is the product of the

values of its children. The value of a sum node is
∑

vj∈Ch(vi)
wijval(vj), where Ch(vi)

are the children of vi and val(vj) is the value of node vj. The value of an SPN S is

the value of its root.
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Figure 7.3: A Sum-product network.

Example 61. An SPN is shown in Figure 11.1. Here, for instance, λa is an indicator,

n2 is a product node, and n4 is a sum node.

An SPN graph compactly represents a polynomial over variables U .

Example 62. The SPN in Figure 11.1 represents the polynomial f :

f =(λa · θa) · (λb · θb|a + λb̄ · θb̄|a) · (λc · θc|a + λc̄ · θc̄|a) (7.55)

+ (λā · θā) · (λb · θb|ā + λb̄ · θb̄|ā) · (λc · θc|ā + λc̄ · θc̄|ā) (7.56)

The important notion of scope is now reviewed.

Definition 7.3. [85] For any node n in an SPN, if n is a leaf node then scope(n) =

{X}, else scope(n) =
⋃

c∈Ch(n) scope(c).

Example 63. Recall Figure 11.1. The scope of leaf node n10 is scope(n10) = {C},
since n10 is an indicator. Sum node n6 has two children, nodes n10 and n11. By

definition, the scope of n6 is scope(n6) = {C}. Product node n3 has scope(n3) =
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{A,B,C}, which is the union of n3 children’s scope. Similarly, for instance,

scope(n8) = {B}, (7.57)

scope(n4) = {B}, (7.58)

scope(n2) = {A,B,C}, and (7.59)

scope(n1) = {A,B,C}. (7.60)

The follow three properties have practical usefulness in SPNs.

Definition 7.4. [70] An SPN is complete iff each sum node has children with the

same scope.

Definition 7.5. [70] An SPN is consistent iff no variable appears negated in one

child of a product node and non-negated in another.

Definition 7.6. [70] An SPN is decomposable iff for every product node n,

scope(ni) ∩ scope(nj) = ∅, where ni, nj ∈ Ch(n), i 6= j.

In SPNs, decomposability implies consistency [70]. A complete and consistent

SPN computes a query in time linear in its size (number of edges) [70].

Example 64. The SPN in Figure 11.1 is complete, since all sum nodes have children

with the same scope. For instance, the children of sum node n4, namely leaf nodes

n8 and n9, have the same scope, that is, scope(n8) = scope(n9) = {b}. The same

can be verified for sum nodes n1, n2, n3, n5, n6, and n7. Also, the SPN in Figure

11.1 is decomposable, since all children have disjoint scopes for every product node.

For example, the children n4 and n6 of product node n2 have disjoint scopes. Since

decomposability implies consistency, the SPN is also consistent.

In our paper, we relate SPNs with convolutional neural networks (CNNs) [34].

In general, CNNs are formed by convolutional and pooling layers. A convolutional

layer can be constructed by applying a convolutional operation with a filter on a

previous layer output. A pooling layer can be built by applying a max or average

operation over some elements of the previous layer with respect to a sliding window.

A sum-pooling layer can be easily obtained from an average-pooling layer.
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7.0.3 Mixture Model Interpretation

SPNs can be viewed as generalized DAGs of mixture models, where sum nodes

correspond to mixtures over subsets of variables and product nodes correspond to

features or mixture components [70]. In general, mixture models can be interpreted

as a distribution over random variables described by the marginalization of latent

variables (LVs). Under this interpretation, each sum node from an SPN has an

associated LV [66].

Definition 7.3 agrees with the mixture model interpretation, since it takes into

consideration the scope of nodes involved in previous computation. That is, a hierar-

chical mixture model is considered as a hierarchical structured LV model. Henceforth,

by scopemm, we mean scope as given in Definition 7.3.
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Chapter 8

Resolving Inconsistencies of Scope

Interpretations in Sum-Product Networks

8.1 Introduction

Sum-product networks (SPNs) [70] are a class of tractable deep learning models

for probabilistic inference. This is an attractive feature when compared to probabilis-

tic graphical models in general, including Bayesian networks [61], where inference

is NP-hard [13]. The tractability of SPN can be seen as follows [70]: the partition

function of a probabilistic graphical model is intractable because it is the sum of an

exponential number of terms. All marginals are sums of subsets of these terms, mean-

ing that if the partition function can be computed efficiently, so can they. SPNs have

been successfully applied in a variety of practical applications, including image com-

pletion [25, 65, 70], computer vision [1], classification [30], and speech and language

modeling [12, 67]. An SPN is a rooted, directed acyclic graph in which leaf nodes

are indicator variables and internal nodes are either sum or multiplication operations.

The practical usefulness of SPNs relies on three properties: completeness, consistency,

and decomposability [70]. The satisfaction of these properties can be verified using

the scope definition. The scope [70] of a node are the random variables appearing as

descendants of that node.

There are probabilistic and non-probabilistic interpretations of SPNs. From a non-

probabilistic perspective, SPNs can be interpreted as deep neural networks with the

following three special properties [79]. First, SPNs are labeled, meaning that all nodes

in the network are associated to random variables by the means of a scope definition.
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Next, they are constrained, that is, subjected to the completeness, consistency, and

decomposability properties. Lastly, they are fully probabilistic neural networks, where

each node (or neuron) is a valid SPN and still models a correct distribution over its

scope.

Our discussion focuses on the probabilistic perspective, where SPNs have the

capacity to generalize a variety of approaches to representing and learning tractable

models, including mixture models [66] and arithmetic circuits (ACs) [16]. We compare

these two interpretations by means of the scope definition. The scope definition is

ideally suited for mixture model interpretation of an SPN, since the scope of a node

grows larger the closer the node is to the root. This reflects the fact that higher nodes

are mixtures of more random variables. On the other hand, this interpretation of

scope is direct opposition with ACs, where sum nodes are marginalization operations

that reduce scope.

In this chapter, our first contribution is a new scope definition that suits the AC

interpretation of an SPN. This definition considers the fact that ACs are compiled

from Bayesian networks. Thus, the random variables at the leaf nodes come from

probabilities in Bayesian network conditional probability tables. The scope of the leaf

nodes then are labeled according to the variables in the conditional probability tables.

The scope of a sum node removes one random variable from the union of the scope of

its children. This reflects the interpretation of sum nodes as being marginalization.

The scope of a multiplication node is the union of its children’s scope. We establish

that the completeness property of SPN can be defined under the AC interpretation of

scope. Unfortunately, consistency and decomposability can not be applied using this

scope definition, meaning that the definition can not be used for verifying tractability

of an SPN. Moreover, the proposed scope definition for ACs can be non-intuitive for

leaf nodes under a mixture model interpretation. For example, the scope of a leaf

node can consider variables that are not random variables for an SPN leaf node, yet

appear in a conditional probability table from the Bayesian network.

The second contribution of this chapter is a novel scope definition with two ad-

vantages. First, it can be used when defining all three SPN properties. Second, it

addresses the counter-intuitive points in both the mixture model and AC interpreta-

tions. Here, we define the scope of sum nodes more intuitively from an AC point of

view by treating them as marginalization. Hence, the scope of sum nodes removes one
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random variable from the union of the scope of its children. Moreover, we make the

scope of leaf nodes more intuitive from a mixture model point of view by only consid-

ering variables that are random variables for the SPN leaf node. Since both mixture

models and ACs can be compiled into SPNs, the new scope definition improves the

understanding of SPNs for different research communities, while still guaranteeing

tractable inference during learning.

8.2 Scope Under an AC Interpretation

In order to propose a scope definition under an AC interpretation, we first need to

formalize the equivalence between ACs and SPNs. ACs are equivalent to SPNs for dis-

crete domains [71]. The representational differences are that ACs use indicator nodes

and parameter nodes as leaves, while SPNs use univariate distributions as leaves and

attach all parameters to the outgoing edges of sum nodes [71]. For example, the AC

in Figure 7.2 is equivalent to the SPN in Figure 11.1. Indeed, the polynomial repre-

sented by the AC in (7.54) for Example 60 is the same as the polynomial represented

by the SPN in (7.56) for Example 62.

We now propose a novel scope definition taking into consideration the AC inter-

pretation of an SPN. First, notice that all the weights in an SPN built from an AC

correspond to probabilities in the given Bayesian network. Thus, we can associate

labels from the CPTs to each edge weight. Outgoing edges from a product node have

the same labels as its incoming edges.

Example 65. In the SPN of Figure 11.1, sum node n4 has weights θb|a and θb̄|a. Both

weights are probabilities P (b|a) and P (b̄|a) from the CPTs in the Bayesian network

in Figure 7.1. Thus, the set {A,B} of variables are associated labels of both edges

(n4, n8) and (n4, n9). Moreover, outgoing edges (n2, n12), (n2, n4), and (n2, n6)

from product node n2 have the set {A} as the associated label, since θa is the weight

attached to n2’s incoming edge.

Next, let us consider the layers of an SPN, where we will consider the bottom

layer being the leaf nodes and the top layer being the root. Here, sum or product

nodes are considered to be in the same layer if they have the same length (number

of nodes) in the longest path from the root.
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Example 66. The SPN in Figure 11.1 contains 4 layers. The bottom layer is formed

by leaf nodes n8, n9, n10, n11, n12, and n13. The next layer consisting of sum nodes

n4, n5, n6, and n7 followed by a layer formed by multiplication nodes n2 and n3.

Lastly, the top layer is sum node n1.

We now give the first contribution of this chapter.

Definition 8.1. The scope of a leaf node is the set of all variables involved in the

labeling of its incoming edges. The scope of a product node is the union of its children’s

scope. The scope of a sum node is the intersection between the union of its children’s

scope in layer k and the scope of all other nodes in layer k.

The scope of a node under the AC interpretation will be denoted scopeac.

Example 67. Recall the SPN in Figure 11.1. The scope of leaf node n10 is scopeac

(n10) = {A,C}, since n10 is a leaf node with labeled incoming edges (n6, n10) and

(n7, n10) both over variables {A,C}. Product node n3 has scope(n3) = {A}, which

is the union of n3 children’s scope. Now, consider sum node n6. It has two children,

n10 and n11. The other nodes on the same layer as n10 and n11 are n8 and n9.

Then, by definition, the scope of n6 is:

scopeac(n6) = (scopeac(n10) ∪ scopeac(n11)) ∩ (scopeac(n8) ∪ scopeac(n9))

= ({A,C} ∪ {A,C}) ∩ ({A,B} ∪ {A,B})
= {A,C} ∩ {A,B}
= {A}.

Similarly, it can be verified that:

scopeac(n8) = {A,B}, (8.61)

scopeac(n4) = {A}, (8.62)

scopeac(n2) = {A}, and (8.63)

scopeac(n1) = {}. (8.64)

This scope definition agrees with the AC interpretation for two reasons. First, leaf

nodes consider all variables involved in the Bayesian network CPTs. For example, in
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Example 67, scopeac(n8) = {A,B}, since the CPT P (b|a) from where θb|a comes from,

involves variables A and B. Second, sum nodes reduce the scope of previous layers.

This is consistent with marginalization. In Example 67, for instance, scopeac(n4) =

{A} reduced the scope of n8 by removing A from {A,B}.

8.3 A Scope Definition for Both SPN Interpretations

We first motivate the introduction of an unified interpretation of scope that works

for both mixture model and AC interpretations of an SPN.

Notice that the scope definition under the AC interpretation in Definition 8.1 can

consider variables that are not in the domain of indicator variables.

Example 68. In Figure 11.1, node n8 has indicator λb, that is, an indicator for

variable b. Yet, scopeac(n8) = {A,B} under the AC interpretation. Notice that

variable A is considered part of the scope even though it is not in the domain of λb.

On the other hand, the scope definition under the mixture model interpretation

does not consider a sum node as marginalization, namely, a domain reduction oper-

ation.

Example 69. Consider n4 and n8 in Figure 11.1. For instance, scopemm(n8) = {B}
under the mixture model interpretation. Yet scopemm(n4) = {B} even though n4 is a

sum node. That is, the scope was not reduced after a sum node as would be expected

by marginalization.

The scope definition under the AC interpretation can be counterintuitive in the

leaf nodes of a mixture model point of view. On the other hand, the scope definition

under a mixture model interpretation can be counterintuitive in the sum nodes from

an AC point of view. In general, one interpretation does not cover the other one with

their respective scope definition.

Our second main contribution is the proposal of a scope definition that agrees

with both the mixture model and AC interpretations of SPN.

Definition 8.2. The scope of a leaf node n with indicator λ over X is scope(v) =

{X}. The scope of a sum node is the union of its children’s scope, except those

variables not appearing in the scope of any non-descendant nodes in the child layer.

The scope of a product node is the union of its children’s scope.
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Henceforth, we will denote the scope of a node under both the AC and mixture

model interpretations as scopeam.

Example 70. Recall Figure 11.1. The scope of leaf node n10 with indicator λc over

C is scopeam(n10) = {C}. Sum node n6 has scope being the union of its children’s

scope, that is, {C}, except to those variables not appearing in the scope of any non-

descendant nodes in the layer below, namely, variable C. Thus, scopeac(n6) = {}.
Product node n3 has scope(n3) = {A}, which is the union of n3 children’s scope.

Similarly, we can obtain:

scopeam(n8) = {B}, (8.65)

scopeam(n4) = {}, (8.66)

scopeam(n2) = {A}, and (8.67)

scopeam(n1) = {}, (8.68)

As shown in Example 70, Definition 8.2 addresses both counterintuitive issues by

only considering variables that are in the domain of the indicator variables and by

reducing the scope after a sum node.

8.4 Analysis

Here, we show that scopeac, the scope definition under the AC interpretation,

can be used for defining correctness of an SPN, but not for defining consistency and

decomposability. On the other hand, we show that scopeam, the scope definition

under both interpretations, can be used for defining all three properties.

First, let us consider the scope definition under the AC interpretation.

Lemma 10. If an SPN is complete by using the scopemm definition, then it is complete

by using the scopeac definition.

Proof. Consider a complete SPN by using the scopemm definition. A sum node n can

have either product or leaf children.

We first show that leaf children of n also have the same scope as when using

scopeac. Consider a leaf child c of n. Suppose scope(c)mm = {X}. By definition,
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this means that node c has an indicator λ over X. Under an AC interpretation,

the λ over X exist only because it came from a Bayesian network CPT P (X|Y ).

Hence, incoming edges for c have labels containing variables in X and Y . Thus, by

the scope(c)ac definition, scope(c)ac = {X, Y }. The same argument can be made for

the other leaf children of n. Therefore, leaf children of n have the same scope using

scopeac and scopemm.

We next establish that a product child of n also has the same scope when using

scopeac. The scope definition for product nodes is the same for scopemm or scopeac.

Example 71. The SPN in Figure 11.1 is complete, as shown in Example 64, by

using scopemm, since all children of each sum node have the same scope. Consider,

for instance, sum node n4 with leaf children. Both leaf children have the same scope,

namely, scopemm(n8) = scopemm(n9) = {B}. Similarly, under the AC interpretation,

the scope of n4 leaf children are the same, that is, scopeac(n8) = scopeac(n9) =

{A,B}. Now, consider sum node n1 with product children. Both product children

have the same scope, namely, scopemm(n2) = scopemm(n9) = {A,B,C}. In the same

way, under the AC interpretation, the scope of n1’s product children are the same.

That is, scopeac(n2) = scopeac(n9) = {A}.

Unfortunately, scopeac can not be used for defining consistency or decomposability.

Example 72. Example 64 shows that the SPN in Figure 11.1 is decomposable by

using scopemm. In contrast, under the AC interpretation, scopeac(n12) = {A},
scopeac(n4) = {A}, and scopeac(n6) = {A}. Therefore, the SPN is not decomposable

by using scopeac.

Now, let us consider scopemm, the scope definition under both mixture models and

ACs interpretation. Here, if completeness, consistency, and decomposability hold in

an SPN using scopemm, then they hold using scopeam.

Lemma 11. If an SPN is complete by using scopemm definition, then it is also com-

plete when using scopeam.

Lemma 12. If an SPN is consistent by using scopemm definition, then it is also

complete when using scopeam.
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Lemma 13. If an SPN is decomposable by using scopemm definition, then it is also

complete when using scopeam.

Example 73. The SPN in Figure 11.1 is complete and decomposable by using scopemm

as shown in Example 64. Similarly, using scopeam, the SPN in Figure 11.1 is com-

plete. Consider, for example, sum node n4, which has both children with the same

scope, namely, scopeam(n8) = {B} and scopeam(n9) = {B}. Moreover, the SPN

in Figure 11.1 is complete using scopeam. Consider, for instance, product node n2,

which has different scopes for all of its three children, namely, scopemm(n12) = {A},
scopemm (n4) = {B}, and scopemm(n6) = {C}.

Since mixture models and ACs can be compiled to SPNs, one advantage of using

the scope definition under both interpretations is that it can enhance the SPN un-

derstanding from both point of views, while still being useful for testing tractability

of the network.

8.5 Conclusions

In this chapter, we identify and resolve inconsistencies regarding scope in the SPN

literature. We considered two probabilistic interpretations of SPNs. The scope defini-

tion given in [70] fits nicely in the mixture models interpretation. On the other hand,

that scope definition for sum nodes can be non-intuitive when under the AC interpre-

tation of an SPN. We proposed a scope definition that suits the ACs interpretation

of an SPN. Unfortunately, the scope definition of leaf nodes can be non-intuitive

when under the mixture models interpretation. Thus, we proposed yet another scope

definition that addresses the non-intuitive points for both mixture model and AC

interpretations.

The latter scope definition can be used for checking the completeness, consistency,

and decomposability properties of an SPN. Therefore, it is helpful for understanding

SPNs originating from different research communities, while guaranteeing tractabil-

ity when learning or compiling SPNs. Future work includes analyzing this scope

definition when considering independence among LVs [66].
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Chapter 9

On Learning the Structure of

Sum-Product Networks

9.1 Introduction

Goodfellow, Bengio and Courville [34] contend that machine learning is the only

viable approach to building artificial intelligence systems that can operate in com-

plicated real-world environments. In particular, they show that deep learning is a

powerful and robust framework which represents the real-world as a nested hierar-

chy of concepts, with each concept defined in relation to simpler concepts, and more

abstract representations computed in terms of less abstract ones. While it has been

conjectured that deeper models are more expressive than shallow ones, sum-product

networks (SPNs) [70] are the only deep learning model where this is provably the

case [24, 53]. Delalleau and Bengio [24] explicitly write that these results contribute

to the motivation of learning deep SPNs.

Gens and Domingos [31] introduced LearnSPN, which has become the stan-

dard unsupervised learning algorithm for SPNs. LearnSPN applies two general

steps, namely, a “chop” operation for splitting features (columns) in a dataset and a

“slice” operation for clustering instances (rows) in a dataset. G-test [82] and mutual

information [14] are two methods commonly used for the chop operation, while k-

means [54] and expectation–maximization for Gaussian mixture models (GMM) [26]

are frequently used methods for the slice operation. To the best of our knowledge, no

study has investigated which pairs of methods yield deeper SPNs.
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In this chapter, we perform an empirical study of LearnSPN. We consider g-

test and mutual information for chopping and k-means and GMMs for slicing. Our

experiments, conducted on 20 real-world datasets, suggest that the deepest SPNs

tend to be learned when using mutual information for chopping and k-means for

slicing. Second, our results show that the pair of g-test and GMM tend to yield

the most accurate SPNs, especially on larger datasets. These results suggest that

the particular combination of mutual information and k-means may suffer especially

from overfitting [80]. Lastly, we examine the sparseness of the learned SPN. Our

experiments show that the pair of g-test and GMM often yield SPNs with fewer edges.

This knowledge is beneficial to SPN learning algorithms that penalize networks with

more edges [48]. Our findings can have far reaching influence, since SPNs have been

applied in image completion [25, 65, 70], computer vision [1], classification [30], and

speech and language modeling [12, 67]. Thereby, this study extends the deep learning

literature in both practical and theoretical directions.

9.2 Background Knowledge

As our focus is on structural learning of SPNs, SPNs will be depicted with uni-

variate distributions and sum node edge weights understood.

Example 74. An SPN over four features X0, X1, X2, and X3 is illustrated in Figure

11.1.

Gens and Domingos [31] introduced LearnSPN, given as Algorithm 5. LearnSPN

has become the standard unsupervised learning algorithm for SPNs. LearnSPN ap-

plies two general steps, namely, a “chop” operation in line 4 for splitting features

(columns) in the dataset and a “slice” operation in line 8 for clustering instances

(rows) in the dataset.

Our focus in LearnSPN is on the chop operation examined in Section 9.2.1 and

on the slice operation discussed in Section 9.2.2.

9.2.1 Chopping Methods

The chopping method of LearnSPN splits a dataset vertically. Here we consider

two chopping methods, namely, g-test [82] and mutual information [14]. Although the
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Figure 9.1: An SPN over four features X0, X1, X2, and X3.

Algorithm 5 LearnSPN(T, V)

Input: a set of instances T over features V
Output: an SPN S
Main:
1: if |V | == 1 then
2: S ← leaf(T, V ) . Univariate distribution
3: else
4: V1, . . . , Vk ← chopm(T, Vi) . Chop using m
5: if k > 1 then
6: S ←∏

i=1,...,k LearnSPN(T, Vi)
7: else
8: T1, . . . , Tk ← slicen(Ti, V ) . Slice using n

9: S ←∑
i=1,...,k

|Ti|
|T |LearnSPN(Ti, V )

10: return S

scoring metric is different, both methods adhere to the following scoring procedure.

One featureXi ∈ V is chosen at random. Then the score s(Xi, Xj) is computed, for

all other features Xj. If s(Xi, Xj) is greater than a threshold, then Xj is considered

to be similar to Xi and they are grouped together. Next, s(Xj, Xk) is computed,

for all Xk not previously grouped with Xi. Again, if s(Xj, Xk) is greater than a

threshold, then Xk is considered similar to Xj, which means Xk is similar to Xi, and

Xk is grouped with Xi and Xj. This process repeats until no more variables can be

grouped with Xi.
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G-test tests pairwise independence of features as follows:

G(Xi, Xj) = 2
∑
xi

∑
xj

c(xi, xj)log
c(xi, xj)|T |
c(xi)c(xj)

, (9.69)

where c(·) counts the occurrences of a setting of a variable pair or singleton [82], and

log is the natural logarithm. One of the threshold values used in [80] is 2.

Example 75. Suppose g-test is used for chopping in LearnSPN when applied on

the dataset in Table 9.1, which has four features X0, X1, X2, and X3, and ten in-

stances I0, I1, . . . , I9 meaning |T | = 10 in (9.69). Further suppose that X0 is chosen

at random. It can be verified that c(X0 = 0, X1 = 0) = 2, c(X0 = 0) = 5, and

c(X1 = 0) = 6. Then, from (9.69), we obtain:

2 log
2 · 10

5 · 6 = −0.81.

After counting the other values of X0 and X1, (9.69) gives:

G(X0, X1) = 2 (−0.81 + 1.22 + 1.15 +−0.69)

= 1.74. (9.70)

Similarly,

G(X0, X2) = 0.40, (9.71)

G(X0, X3) = 0.0. (9.72)

Since all three g-test scores in (9.70)-(9.72) were less than the threshold value of 2, no

cluster is formed. That is, g-test does not chop the dataset in Table 9.1 into smaller

units.

The second method we consider for the chopping operation in Algorithm 5 is

mutual information. Mutual information (MI) [14] tests pairwise independence of

features as follows:

MI(Xi, Xj) =
∑
xi

∑
xj

c(xi, xj)log
c(xi, xj)

c(xi)c(xj)
. (9.73)

One of the MI threshold values used in [33] is 0.05.
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Table 9.1: Dataset with 4 features and 10 instances.

X0 X1 X2 X3

I0 0 0 1 0
I1 0 0 0 1
I2 0 1 0 0
I3 0 1 0 1
I4 0 1 1 0
I5 1 0 0 0
I6 1 0 0 1
I7 1 0 1 0
I8 1 0 1 1
I9 1 1 1 0

Example 76. Suppose MI is used for chopping in LearnSPN when applied on the

dataset in Table 9.1. Further suppose that X0 is chosen at random. By (9.73), we

obtain

MI(X0, X1) = 0.12,

MI(X0, X2) = 0.03,

MI(X0, X3) = 0.00.

Since MI(X0, X1) > 0.05, we compute

MI(X1, X2) = 0.00,

MI(X1, X3) = 0.05.

As neither MI(X1, X2) nor MI(X1, X3) is greater than the threshold 0.05, the chop-

ping method stops. Hence, the dataset in Table 9.1 is chopped into {X0, X1} and

{X2, X3}.

9.2.2 Slicing Methods

The slicing method of LearnSPN splits a dataset horizontally. Here we consider

two slicing methods, namely, k-means [36] and expectation-maximization for fitting

Gaussian mixture models [26].

K-means is a method for slicing (partitioning) the rows I0, . . . , In of a dataset into

k clusters. Each row Ii is assigned to the cluster kj that minimizes the Euclidean
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distance to the mean µj of that cluster:

||Ii − µj||.

The mean µj is recalculated as the mean of those Ii assigned to cluster kj. Then

the above process is repeated using the recalculated µj. The process stops after 300

iterations or when all µj do not change. As in [80], here we focus on two clusters.

For each cluster kj, the initial mean µj can be randomly chosen without affecting the

output of k-means.

Example 77. Suppose k-means is used for slicing in LearnSPN when applied on

the dataset in Table 9.1. Let the two initial means be

µ0 = 〈0, 0, 0, 0〉,

and

µ1 = 〈1, 1, 1, 1〉.

Consider I0 in Table 9.1. Its Euclidean distance to µ0 is, by definition,

||I0 − µ0||
= |(0− 0)|2 + |(0− 0)|2 + |(1− 0)|2 + |(0− 0)|2

= 1. (9.74)

Its Euclidean distance to µ1 is

||I0 − µ1||
= |(0− 1)|2 + |(0− 1)|2 + |(1− 1)|2 + |(0− 1)|2

= 3. (9.75)

By (9.74)-(9.75), I0 is assigned to the first cluster k0. I1, . . . , I9 are assigned similarly.

It can be verified that

k0 = {I0, I1, . . . , I7} (9.76)

and

k1 = {I8, I9} (9.77)
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where ties are broken by assigning the instantiation to the first cluster k0. The next

step is to recalculate the mean µ0 of (9.76) and µ1 of (9.77). The latter is

µ1 = 〈1, 0.5, 1, 0.5〉.

Using the recalculated µ0 and µ1, the above process repeats. It can be verified that

k-means results in clusters

k0 = {I0, I1, I2, I4, I5, I6, I7, I9}

and

k1 = {I3, I8}.

The second method we consider for the slicing operation in Algorithm 5 is Gaus-

sian mixture models (GMM) using expectation-maximization. The process is nearly

identical to that for k-means, except that the representation of each cluster and the

assignment of instantiation to cluster are more involved. As in [80], we assume there

are two clusters. Each cluster is a Gaussian distribution represented by its mean

and co-variance matrix. These can be randomly assigned initially without disturbing

the end result. Next, the probability of each instantiation Ii being in each cluster is

computed. Ii is assigned to the cluster with the higher probability. Do this for every

instantiation. The mean and covariance matrix are recalculated for each cluster by

following the expectation-maximization algorithm. This process repeats 100 times or

until the clusters do not change. More formally, each cluster kj is represented by a

Gaussian distribution, denoted N (I|µj,Σj), where µj is its vector mean and Σj is its

covariance matrix. The scoring of each instantiation Ii being in each cluster is the

probability p(kj|Ii), which can be computed as:

p(kj|Ii) =
wj N (I|µj,Σj)

c
,

where wj is a cluster weight and c is a normalization function.

Example 78. Suppose GMM is used for slicing in LearnSPN when applied on the

dataset in Table 9.1. It can be verified that GMM results in clusters

k0 = {I0, I1, I2, I4, I5}
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and

k1 = {I3, I6, I7, I8, I9}.

9.3 A Variety of Possible SPNs

LearnSPN may yield a wide variety of SPNs from the same dataset, since a

number of methods can be applied to chop and slice.

Example 79. Recall the dataset in Table 9.1. Applying g-test for chopping yields

{X0, X1, X2, X3},

meaning g-test did not chop the dataset into smaller units, as discussed in Example

75. On the contrary, Example 76 illustrates that MI will chop the same dataset into

{X0, X1}

and

{X2, X3}.

Similarly, when considering the slicing operation, k-means slices the dataset in Table

9.1 as

{I0, I1, I2, I4, I5, I6, I7, I9}

and

{I3, I8},

as shown in Example 77. In contrast, Example 78 slices the same dataset as

{I0, I1, I2, I4, I5}

and

{I3, I6, I7, I8, I9}.
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Figure 9.2: SPN S1 learned from the dataset in Table 9.1 using g-test for chopping
and k-means for slicing.

The key point of Example 79 is that the output of LearnSPN is dependent

upon the particular methods applied for chopping and slicing. As there are multiple

combinations that can be used as methods within LearnSPN, each pair of which

potentially gives rise to a different SPN.

Example 80. Let us apply LearnSPN on the dataset in Table 9.1. If g-test is used

for chopping in line 4 and k-means is used for slicing in line 8, then the learned SPN

S1 is illustrated Figure 9.2. If g-test is used for chopping in line 4 and GMM is used

for slicing in line 8, then the learned SPN S2 is shown Figure 9.3. If MI is used for

chopping in line 4 and k-means is used for slicing in line 8, then the learned SPN

S3 is depicted Figure 9.4. If MI is used for chopping in line 4 and GMM is used for

slicing in line 8, then the learned SPN S4 is shown Figure 9.5.

Example 80 highlights the fact that applying LearnSPN on that dataset in Table

9.1 can yield 4 different SPNs S1, S2, S3, and S4, respectively depicted in Figures

9.2-9.5.

9.4 Experimental Analysis of SPN Depth

We perform an empirical study of LearnSPN by examining the various combi-

nations of methods used to chop and slice. In this section, we focus on SPN depth.
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Figure 9.3: SPN S2 learned from the dataset in Table 9.1 using g-test for chopping
and GMM for slicing.

Figure 9.4: SPN S3 learned from the dataset in Table 9.1 using MI for chopping and
k-means for slicing.

The depth [34] of an SPN S, denoted depth(S), is the number of nodes in the

longest path in S from the root to a leaf.

Example 81. Let us determine the depth of SPN S1 in Figure 9.2. Since the number

of nodes in the longest path from a leaf node to the root node is 6, by definition,

depth(S1) = 6.

Similarly, the depth of the SPNs in Figures 9.3, 9.4, and 9.5 are:

depth(S2) = 5,

depth(S3) = 7,
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and

depth(S4) = 9.

We empirically evaluate each LearnSPN combination in 20 real-world benchmark

datasets [48, 78]. The dataset characteristics are described in Table 9.2.

Our chopping thresholds are set as follows. The g-test threshold is set to 5, a value

used in [80]. The MI threshold is set to 0.05 based upon [33]. The slicing thresholds

are set by the default values in [80].

The implementation in [80] is a refinement of LearnSPN. More precisely, line

2 of Algorithm 5 is refined using two parameters α and m. The Laplace smoothing

parameter α is set to 2.0 as done in [80]. The parameter m is a second stopping

condition. It represents the minimum number of instances where chopping or slicing

will still be applied and is set to 50 as in [80]. The refinement of Algorithm 5 is

formally given in Algorithm 6, the version which we implemented.

Table 9.3 reports the depth of the SPN obtained from each of the four combi-

nations. Winners are shown in boldface. Analysis of Table 9.3 reveals that MI and

k-means is usually the pair that produces the deepest SPN. This pair yielded the

Figure 9.5: SPN S4 learned from the dataset in Table 9.1 using MI for chopping and
GMM for slicing.
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Algorithm 6 LearnSPN(T, V, α, m)

Input: a set of instances T over features V
Output: an SPN S
Main:
1: if |V | == 1 then
2: S ← univariateDistribution(T, V, α)
3: else if |T | < m then
4: S ← naiveFactorization(T, V, α)
5: else
6: {Vj}Cj=1 ← splitFeatures(V, T ) . Chop
7: if C > 1 then
8: S ←∏C

j=1 LearnSPN(T, V, α,m) . Slice
9: else
10: {Ti}Ri=1 ← clusterInstances(T, V )

11: S ←∏R
i=1

|Ti|
|T |LearnSPN(Ti, V, α,m)

12: return S

deepest SPN in 16 out of 20 datasets. The other three pairs won only rarely.

These empirical findings are significant, since deeper networks have a larger ca-

pacity [34], i.e, they can encode a larger set of functions [24]. In other words, with

each additional layer of depth, the set of distributions which can be efficiently cap-

tured grows in size [53]. While it has been conjectured that deeper models are more

expressive than shallow ones, SPNs are the only deep learning model where this is

provably the case [53]. For instance, the network polynomial [17] defined by the SPN

S1 in Figure 9.2 cannot be efficiently represented by any of the other SPNs S2, S3,

and S4 in Figures 9.3-9.5.

Let us focus in on the individual methods in Table 9.3. It can be seen that g-test

for chopping yielded the deepest SPN in 3 out of 20 cases and tied for the deepest

SPN in 3 other cases. That is, using MI for chopping yielded or tied for the deepest

SPN in 17 out of 20 cases. With respect to slicing, GMM outperformed k-means in

only 2 of 20 cases.

These results, when considering either individual methods or pairs of methods,

suggest that MI and k-means yield the deepest SPNs.
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Table 9.2: 20 Benchmark datasets used in unsupervised deep learning.

Dataset # # instances # instances # instances
name features training validation testing

NLTCS 16 16181 2157 3236
MSNBC 17 291326 38843 58265
KDDCup2K 65 180092 19907 34955
Plants 69 17412 2321 3482
Audio 100 15000 2000 3000
Jester 100 9000 1000 4116
Netflix 100 15000 2000 3000
Accidents 111 12758 1700 2551
Retail 135 22041 2938 4408
Pumb-star 163 12262 1635 2452
DNA 180 1600 400 1186
Kosarek 190 33375 4450 6675
MSWeb 294 29441 3270 5000
Book 500 8700 1159 1739
EachMovie 500 4525 1002 591
WebKB 839 2803 558 838
Reuters-52 889 6532 1028 1540
20Newsgroup 910 11293 3764 1540
BBC 1058 1670 225 330
Ad 1556 2461 327 491

9.5 Experimental Analysis of SPN Accuracy

In this section, we study the accuracy of the SPNs learned from datasets.

Gens and Domingos [31] measure the quality of an SPN S using likelihood. The

likelihood of an SPN S, denoted LL(S), is defined as the product of the values of S,

for each instantiation of the dataset. The higher the product, the better the quality.

Example 82. Let us compute LL(S1), where S1 is the SPN in Figure 9.2 learned from

the dataset I0, . . . , I9 in Table 9.1. Consider instantiation I0, where X0 = 0, X1 = 0,

X2 = 1, and X3 = 0. In Figure 9.2, consider all leaf nodes X0. For each node

X0, in the univariate distribution over that X0, use the probability value for X0 = 0.

Similarly, choose the probability value for X1 = 0 in the univariate distributions for

leaf nodes X1, select the probability values for X2 = 1 for leaf nodes X2, and use the

probability values for X3 = 0 in the univariate distribution at leaf nodes X3. Using
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Table 9.3: SPN depth for each combination.

Dataset (g-test, (MI, (g-test, (MI,
name k-means) k-means) GMM) GMM)

NLTCS 15 26 17 19
MSNBC 31 31 19 21
KDDCup2K 69 117 23 39
Plants 31 35 21 23
Audio 25 37 21 23
Jester 13 33 19 21
Netflix 15 9 25 25
Accidents 29 25 27 27
Retail 31 163 27 25
Pumb-star 27 27 27 27
DNA 11 7 15 13
Kosarek 65 137 27 27
MSWeb 35 99 29 35
Book 63 327 17 71
EachMovie 27 55 21 27
WebKB 23 65 19 23
Reuters-52 31 45 27 27
20Newsgroup 33 89 31 29
BBC 39 27 19 17
Ad 79 137 47 77

g-test for chopping with threshold 2 and k-means for slicing with the default thresholds

in [80] on the dataset in Table 9.1, and with respect to the structure of S1 in Figure

9.2, the reader can verify that propagating to the root yields 0.053. After doing this

for I1, . . . , I9, the product of all ten root probabilities is

LL(S1) = 0.081.

Similarly, we can score the quality of the other 3 SPNs S2, S3, and S4 in Figures

9.3-9.5 learned from Table 9.1. It can be verified that the scores of S2 in Figure 9.3,

S3 in Figure 9.5, and S4 in Figure 9.4 are

LL(S2) = 0.073,

LL(S3) = 0.089,
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and

LL(S4) = 0.094.

It follows that S4 is the best of the four possible SPNs. That is, the combination of

MI for chopping and GMM for slicing yields the best SPN from the dataset in Table

9.1.

We now focus on real-world datasets. Using the same four combinations, we learn

SPNs as described in the last section. Table 9.4 shows the accuracy of LearnSPN of

each combination in 20 datasets. Winners are shown in boldface. Analysis of Table

9.4 is more involved than that of depth. Here, the pair for yielding the most accurate

SPN seems to depend upon the dataset characteristics. For very small datasets with

less than 20 features, MI and GMM produces the most accurate SPN. However, once

the dataset has around 65 features, Table 9.4 shows that g-test and GMM is the

most accurate pair. Continuing on, if the dataset has 100 - 135 features, our results

imply that g-test and k-means is the pair yielding the most accurate SPNs. Finally,

for the largest datasets with 160 - 1556 features, Table 9.4 demonstrates that g-test

and GMM wins in 10 out of 11 cases. Thus, it seems that using g-test for chopping

and GMM for slicing in LearnSPN will produce the most accurate SPNs from large

datasets.

Let us scrutinize the individual roles of chopping and slicing in LearnSPN. Con-

sider chopping in Table 9.4. Here, g-test was the chopping method used in 18 out of

20 winners, while MI was the chopping method used in 2 out of 20 winners.

Now consider slicing in Table 9.4. Here, k-means was the slicing method used in

6 out of 20 winners, while GMM was the slicing method used in 14 out of 20 winners.

GMM won in the extreme datasets, namely, the least number of features and the

most number of features.

9.6 Experimental Analysis of SPN Sparseness

In this section, we perform an empirical study of LearnSPN by examining SPN

sparseness.

The sparseness of an SPN S, denoted sparseness(S), is defined as the number of

edges in S. An SPN will be called sparse if it has relatively few edges. In contrast,

an SPN with many edges is called dense [70].
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Table 9.4: SPN accuracy for each combination.

(g-test, (MI, (g-test, (MI,
k-means) k-means) GMM) GMM)

NLTCS -6.053 -6.070 -6.053 -6.052
MSNBC -6.043 -6.046 -6.041 -6.039
KDDCup2K -2.141 -2.173 -2.139 -2.148
Plants -13.104 -13.489 -13.022 -13.107
Audio -40.103 -40.580 -40.493 -40.623
Jester -52.967 -53.097 -53.558 -53.585
Netflix -56.776 -56.806 -57.685 -57.626
Accidents -31.062 -36.035 -31.282 -35.588
Retail -10.967 -12.092 -11.012 -11.417
Pumb-star -25.885 -30.379 -25.718 -29.883
DNA -92.247 -97.876 -93.458 -97.851
Kosarek -10.966 -12.054 -10.736 -11.145
MSWeb -10.115 -11.245 -9.876 -10.089
Book -34.947 -38.934 -34.372 -37.275
EachMovie -53.501 -55.520 -51.527 -51.902
WebKB -156.319 -162.569 -155.109 -161.229
Reuters-52 -85.756 -91.971 -84.600 -89.083
20Newsgroup -153.914 -161.183 -153.373 -158.472
BBC -252.195 -257.876 -251.165 -256.474
Ad -33.664 -45.920 -30.638 -41.751

Example 83. Let us compute the sparseness of the SPN S1 in Figure 9.2. By defi-

nition,

sparseness(S1) = 18,

since S1 has 18 edges. Similarly, the sparseness of S2 in Figure 9.3, S3 in Figure 9.4,

and S4 in Figure 9.5 are

sparseness(S2) = 14,

sparseness(S3) = 36,

and

sparseness(S4) = 44.
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Table 9.5: SPN sparseness for each combination.

Dataset (g-test, (MI, (g-test, (MI,
name k-means) k-means) GMM) GMM)

NLTCS 1090 3993 1110 2007
MSNBC 5357 14790 4356 9132
KDDCup2K 6036 25022 4161 8744
Plants 12003 20487 9410 11148
Audio 11082 47617 2511 33215
Jester 6782 28784 10787 23977
Netflix 14591 45451 24945 40333
Accidents 24691 36015 22007 28227
Retail 3507 81985 3040 18162
Pumb-star 22505 30384 20651 27100
DNA 10059 9045 9715 8689
Kosarek 15297 92044 7517 26146
MSWeb 13608 64951 8611 19946
Book 18558 175609 9668 77018
EachMovie 22851 35560 14461 19502
WebKB 42333 95546 32943 57950
Reuters-52 70166 124696 58552 92590
20Newsgroup 148986 493183 131822 272316
BBC 50411 79519 42361 53200
Ad 31344 56023 21447 35242

In Example 83, S2 is the sparsest SPN of S1, S2, S3, and S4, while S4 is the densest

SPN. We now turn our attention to real-world datasets.

We consider the 20 benchmark datasets described in Table 9.2. An SPN is learned

from each dataset using each of the 4 pairs of chopping and slicing method as men-

tioned in Section 9.4.

Table 9.5 reports our findings on SPN sparseness. The sparsest SPN, the one with

fewest edges, is shown in boldface.

Analysis of Table 9.5 shows that using g-test for chopping and GMM for slicing

very often yields the sparsest SPN. More precisely, this pair won for best in 16 out of

20 datasets. The second best pair, namely, g-test and k-means, won for best only in

3 of 20 datasets.

Let us scrutinize the individual methods in Table 9.5. It can be seen that MI

for chopping yielded the sparsest SPN in 1 our of 20 cases. That is, using g-test for
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chopping yielded for the sparsest SPN in 19 out of 20 cases. With respect to slicing,

k-means outperformed GMM in only 3 of 20 cases.

These results, when considering either individual methods or pairs of methods,

suggest that g-test and GMM yield the sparsest SPNs, which tend to be the most

accurate SPNs in Table 9.4.

9.7 Conclusions

LearnSPN, the standard unsupervised learning algorithm for SPNs, can learn

a wide variety of SPNs from the same dataset, as illustrated in Example 80. The

reason for this is that there is more than one method for chopping and more than

one method for slicing. To the best of our knowledge, we give the first empirical

analysis of SPN depth, SPN accuracy, and SPN sparseness using 20 deep learning

benchmark datasets. Our results in Section 9.4 show that the deepest SPNs tend to

be obtained when using MI for chopping and k-means for slicing. This is significant,

since deeper networks have a larger capacity [34], i.e, they can encode a larger set

of functions [24]. On the other hand, the pair of g-test and GMM tend to yield the

most accurate SPNs, as discussed in Section 9.5. These results suggest that MI and

k-means may lead to overfitting [80]. Lastly, g-test for chopping and GMM for slicing

often produce the sparsest SPN, as seen in Section 9.6. This is important as some

SPN learning algorithms penalize SPNs containing more edges [49]. Future work

can study the roles of slicing and chopping in extensions of LearnSPN, including

ID-SPN [71], which incorporates direct and indirect variable interactions.
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Chapter 10

Deep Convolutional Sum-Product

Networks

10.1 Introduction

Generative models are of current interest in the deep learning community, including

generative adversarial networks (GANs) [35], variational auto-encoders [41], neural

autoregressive distribution estimators [45], pixel recurrent neural networks [59], and

convolutional arithmetic circuits [76]. Convolutional neural networks (CNNs) [34]

can be used in GANs. Sum-product networks (SPNs) [70] are a generative model

that have received limited attention from the deep learning community [68]. An SPN

is a directed acyclic graph (DAG), where leaf nodes are tractable distributions and

each internal node is either a sum or product operation. A valid SPN defines a joint

probability distribution and allows for efficient inference [70].

Conditions are given as to when subclasses of CNNs define valid SPNs, including

convolutional layer filters of certain sizes and non-overlapping windows in sum-pooling

layers. Satisfaction of these conditions yields a subclass of CNNs, called convolutional

SPNs (CSPNs). CSPNs permit a vectorized representation allowing for exploitation

of tensor libraries such as Tensorflow, but they also can suffer from being too shallow,

and it is known that deep SPNs are more expressive than shallow SPNs [24].

We introduce deep convolutional sum-product networks (DCSPNs). DCSPNs per-

mit the convolutional and sum-pooling layers to form rich DAG structures by aug-

menting layer tensors under conditions that maintain decomposability and complete-

ness. As a decomposable and complete SPN is a valid SPN, our main result is that
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DCSPNs are a larger subclass of CNNs that define valid SPNs. DCSPNs are a rigor-

ous probabilistic model. As such, they can exploit probabilistic reasoning, including

marginal inference and most probable explanation (MPE) inference. This allows an

alternative method for learning DCSPNs using vectorized differentiable MPE. We

show how to vectorize MPE using a mask algorithm and how it plays a role similar to

the GANs generator. Image sampling is yet another application demonstrating the

robustness of DCSPNs. This involves a minor modification to the mask algorithm.

Our preliminary results on image sampling are promising, since the DCSPN sampled

images exhibit variability. Experimental results on left- and bottom-completion like

those in Table 10.1 show DCSPNs achieve results competitive to state-of-the-art by

building deeper structures using both vertical and horizontal sum-pooling windows,

which leverage local structure in the image data in both directions. Applying a sim-

ple low pass filter as a post-processing smoothing operation lowers the mean squared

error (MSE) score from 910 to 802 for left-completion in Olivetti.

10.2 Sum-Product Networks

Nodes of an SPN can be organized as layers for a vectorized implementation.

The discussion here draws from [79]. The SPN input layer is formed by the leaf

distribution nodes. Let L(x) ∈ IRs be the output of a generic layer with s nodes and

input x. The value of a sum layer with an input x from r input nodes is

L(x) = log(w × x), (10.78)

where w ∈ IRs×r is a matrix of weights defining sparse connections:

wij =

wij if edge (i, j) exists

0 otherwise

Table 10.1: Mean squared error (MSE) scores in Olivetti Face.

left bottom
P&D [70] 942 918
ICNN [3] 833 -
D&V [25] 779 782
DCGAN [83] 1870 1414
DCSPN 910 1006
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and x ∈ [0, 1]r represents the input probability values. Similarly, the value of a

product layer with input x is

L(x) = exp(p× x), (10.79)

where p ∈ {0, 1}s×r is a matrix of sparse connections:

pij =

1 if edge (i, j) exists

0 otherwise

and x ∈ [0, 1]r represents the input probability values in log-space. In this formula-

tion, the exponential and logarithmic functions act as nonlinearities.

In this chapter, we relate SPNs with convolutional neural networks (CNNs) [34].

In general, CNNs are formed by convolutional and pooling layers. A convolutional

layer can be constructed by applying a convolutional operation with a filter on a

previous layer output. A pooling layer can be built by applying a max or average

operation over some elements of the previous layer with respect to a sliding window.

A sum-pooling layer can be easily obtained from an average-pooling layer.

10.3 The Building Blocks of DCSPNs

The discussion here is drawn from [5].

First, note that a vectorized SPN can represent a CNN. SPN sum layers correspond

to CNN convolutional layers. Here, sum layer weights are convolutional filters and

the sum layer value computes the convolution operation. Similarly, SPN product

layers correspond to CNN sum-pooling layers. The sum-pooling window computes

the product layer value in log-space.

Example 84. Figure 10.1 illustrates an SPN with 3 layers being represented by a

CNN with 3 layers, where colours represent node scopes. The input layer is the same

for both, while the sum and product layers in the SPN are convolutional and sum-

pooling layers in the CNN, respectively.

Conversely, we show how a CNN can represent a vectorized SPN in log-space.

Representational, convolutional, and sum-pooling layers in CNNs can represent the

input, sum, and product layers in SPNs, respectively.
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A representational layer [76] is formed by applying n representation functions

f1, . . . , fn : IRs → IR over s-dimensional local patches of the dataset. We apply the

logarithmic function in representational layers so as to correspond to SPN input layers

in log-space. For instance, n Gaussian distributions can be used as representation

functions to map patches of dataset instances to n values in the representational

layer.

The value of a convolutional layer with input x is computed element-wise de-

pending on filter w’s size with depth c being either m-by-n (top) or height-by-width

(bottom):

Lij(x) =


∑m−1

q=0

∑n−1
l=0 log(wql) + x(i+q)(j+l)∑c−1

k=0 log(wijk) + xijk.
(10.80)

Convolutional layers in (10.80) relate to sum layers in (10.78).

Figure 10.1: Input, convolutional, and sum-pooling layers in a CNN representing
input, sum, and product layers in an SPN.
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Figure 10.2: A CSPN represents a valid SPN and is vectorized, but also can suffer
from being shallow.

The value of a sum-pooling layer with sliding window size m-by-n and input x is

computed element-wise as:

Lij(x) =
m−1∑
q=0

n−1∑
l=0

x(i+q)(j+l). (10.81)

Sum-pooling layers in (10.81) relate to product layers in (10.79).

We now define a subclass of CNNs that represent SPNs by restricting convolutional

and sum-pooling layers.

Definition 10.1. A convolutional SPN (CSPN) is a CNN formed under the following

two restrictions: (i) convolutional layer filters must have height and width of 1-by-

1 or h-by-w, where h and w are the height and width of the convolutional layer,

respectively; (ii) in sum-pooling layers, the horizontal and vertical stride of the sliding

window must be at least the width and the height of the window itself, respectively.

Example 85. Consider the CSPN illustrated in Figure 10.2, where colours represent

node scopes. The dataset is mapped to a 4-by-4 representational layer using 2 repre-

sentation functions. Next, a convolutional layer is formed with 6 filters of size 4-by-4.

A 2-by-2 sum-pooling layer is then built with a 2-by-2 sliding window. Finally, the

root node is a 1-by-1 convolutional layer obtained using one 2-by-2 filter.

In [5], it is shown that CSPNs represent valid SPNs.

Theorem 10.1. Let C be a CSPN formed with respect to a CNN C ′ in Definition

10.1. Then, C is a valid SPN.

CSPNs can struggle with depth, since the sum-pooling window size quickly reduces

the size of the layers. For example, as depicted by the CSPN in Figure 10.2, the 4-by-4
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representational layer reduced to the 1-by-1 root layer after two convolutions and one

sum-pooling operation. As deep SPNs are more expressive than shallow SPNs [24],

we now turn our attention to introducing deep CSPNs.

We build deep CSPNs by considering two related issues. First, we seek a DAG

structure rather than a chain structure. Second, since each node is implemented as a

tensor, each combination of tensors must be done such that a valid SPN is maintained.

The next section formalizes these ideas.

10.4 Deep Convolutional SPNs

In this section, we introduce a tractable generative model, called deep convolu-

tional SPNs (DCSPNs).

We denote by T a tensor of rank (order) n and dimension m in each mode. That

is, T is a multi-dimensional array, specified by a shape with n indexes [d1, . . . , dn],

each ranging in [m] ≡ {1, . . . ,m}. Without loss of generality, a layer is represented as

a rank 4 tensor with shape [b, h, w, c], where b is the batch (number of instances) being

considered, and h, w, and c are the height, width, and channel (depth), respectively.

Tensor elements are SPN nodes. In a sum layer tensor, elements are sum nodes, while

in a product layer, tensor elements are product nodes.

Let T1 and T2 be two tensors with the same height and the same width. The

channel augmentation of T1 and T2 is the tensor with the same height and the same

width formed by concatenating T1 and T2 with respect to the channel axis.

Example 86. Let T1 and T2 be the two tensors in Figure 10.3 (i) (left, right), respec-

tively. Then, the channel augmentation of T1 and T2 is the tensor depicted in Figure

10.3 (ii).

Let T1 and T2 be two tensors with the same depth and height. The width augmen-

tation of T1 and T2 is the tensor with the same depth and the same height formed by

concatenating T1 and T2 with respect to the width axis. The height augmentation is

defined similarly.

Example 87. Let T1 and T2 be the two tensors in Figure 10.3 (iii) (left, right),

respectively. Then, the width augmentation of T1 and T2 is the tensor depicted in

Figure 10.3 (iv).
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Definition 10.2. A deep convolutional sum-product network (DCSPN) D over n

variables X1, . . . , Xn is a rooted DAG whose leaves are representational layers and

whose internal nodes are convolutional and sum-pooling layers. A convolutional layer

with more than one child is formed by recursively applying channel augmentation on

all its children. A sum-pooling layer with more than one child is formed by recursively

applying either height or width augmentation on all its children.

Example 88. Consider the DCSPN in Figure 10.4. The dataset is mapped to 2

representational layers, each using 2 representation functions. In the upper branches,

after a convolutional and a sum-pooling layer, a channel augmentation is used to

form a convolutional layer. In the lower branch, after a convolutional and sum-

pooling layer, a width augmentation is used to form a sum-pooling layer. Lastly, a

sum-pooling layer is followed by the root convolutional layer.

By construction, DCSPNs represent SPNs. We now provide structural conditions

under which DCSPNs represent valid SPNs.

Lemma 14. Consider a DCSPN D where every convolutional layer has children over

the same element-wise scope. Connect the children of each convolutional layer using

channel augmentation. Then, D is a complete SPN.

Proof. Consider the SPN defined by the DCSPN D. Channel augmentation over all

children of each convolutional layer yields tensors (layers) with elements of the same

scope aligned along the channel axis. By construction, summation in the convolu-

tional operation in (10.80) occurs over the channel axis. Hence, every summation

involves operands of the same scope. By definition, D is complete.

(i) (ii) (iii) (iv)

Figure 10.3: Channel (a)-(b) and width (c)-(d) augmentations.
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Figure 10.4: A DCSPN, depicting a rich DAG structure of convolutional and sum-
pooling layers, while still being a valid SPN.

Lemma 14 is important as it establishes one practical method for combining ten-

sors such that the resulting DCSPN is complete. Lemma 15, given next, provides a

practical method for combining tensors such that the obtained DCSPN is decompos-

able.

Lemma 15. Consider a DCSPN D where every sum-pooling layer has children with

element-wise disjoint scopes. Connect the children of each sum-pooling layer using

either height or width augmentation. Then, D is a decomposable SPN.

Proof. Consider the SPN defined by the DCSPN D. Width augmentation over all

children of each sum-pooling layer yields tensors (layers) with elements of disjoint

scopes at corresponding positions in the width axis. A similar property holds for

height augmentation and the height axis. By construction, multiplication in the log-

space sum-pooling operation in (10.81) occurs over either height or width or both

axes. Thus, every multiplication involves operands of disjoint scopes. By definition,

D is decomposable.

We now show the desired result.

Theorem 10.2. Let D be a DCSPN in which the tensors of each convolutional and

sum-pooling layer are connected in accordance to Lemmas 14 and 15. Then, D is a

valid SPN.
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Proof. Consider the SPN defined by the DCSPN D. By Lemma 14, D is necessarily

a complete SPN. Moreover, D is guaranteed to be a decomposable SPN, by Lemma

15. By definition, since D is both complete and decomposable, D is a valid SPN.

Theorem 10.2 is significant for two reasons. First, as DCSPNs define joint proba-

bility distributions, they are tractable deep generative models. Second, DCSPNs are

robust in that there are many possible DAG structures in theory satisfying Theorem

10.2. We will examine later a specific DAG structure that performed exceptionally

well in practice.

The DCSPN parameters can be learned with methods such as expectation maxi-

mization and gradient descent, similar to SPNs [70]. More specifically, given a DAG

structure, we consider learning its parameters Θ (weights of sum nodes) with the

maximum likelihood principle. This optimization problem can be equivalently seen

as minimizing the negative log-likelihood (NLL) loss function L [76]:

L(Θ) = E[−log S(x)]. (10.82)

Given a DCSPN DAG structure coupled with parameters, we turn our attention

to applications demonstrating the effectiveness of DCSPNs.

10.5 Experiments

As promised, we now describe a DCSPN DAG structure that performed excep-

tionally well in practice. A convolutional layer follows every representational layer

and every sum-pooling layer. All convolutional layers have filter sizes height-by-width

matching the layer size. Two sum-pooling layers follow each convolutional layer: one

with a window size of 1-by-2 and the other 2-by-1. Alternate the window sizes of

1-by-2 and 2-by-1 with 2-by-2 and 2-by-2 every n layers. This hyperparameter n

is tuned per dataset and varied between 70 and 100 in our experiments. For each

dataset, we randomly set aside one third (up to 50 images) for testing. For training,

we use ADAM [40] with a learning rate of 0.005. Four Gaussian representation func-

tions are used per pixel (variable), where the mean and variance are computed from

equal quantiles of pixel intensities. In practice, we observed better accuracy when

maintaining a sum operation in convolutional layers rather than a max operation

during MPE. [70] made a similar observation.
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Table 10.2: MSE scores in Caltech datasets.

left P&D D&V DCGAN DCSPN
Face 1815 1657 1334 2356
Dolphin 3096 - 4096 4004
Helicopter 2749 - 3925 3404
bottom
Face 1924 1517 1046 2298
Dolphin 2767 - 4016 4204
Helicopter 3064 - 3811 4206

We compare DCSPNs with deep convolutional generative adversarial networks

(DCGANs) [83] using the publicly available code from [2]. Here, we use the hy-

perparameter values suggested in [2] and 100 epochs during training. The Poisson

blending [69] post-processing technique for DCGANs is not implemented in [2].

Table 10.1 gives the mean squared error (MSE) scores for left-completion and

bottom-completion in the Olivetti Face dataset [72]. We also compare competing

methods in [70, 3, 25] with DCSPNs. For left-completion, DCSPNs score 910, while

for bottom-completion DCSPNs score (1006).

Table 10.2 shows left-completion and bottom-completion MSE scores in the Cal-

tech datasets [28]. [25] did not report MSE scores for the Dolphin and Helicopter

datasets. For bottom-completion, DCSPNs score 4204 and 4206 in Dolphin and

Helicopter, respectively. Representative completions are illustrated in Figure 10.5.

Figure 10.5: Columns show original, DCSPN, DCGAN, and P&D. The first and
second rows show left-completion and bottom-completions, respectively. Left and
right pictures are from datasets Olivetti Face and Caltech Face, respectively.
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(i) (ii) (iii) (iv)

Figure 10.6: DCSPNs performed well on a dataset with 65 images. Left-completion
of the original image in (i) by DCSPN (ii), P&D (iii), and DCGAN (iv).

Analysis suggests several reasons why DCSPNs can reach competitive to state-of-

the-art results. First, deeper structures are created by simultaneously deriving 1-by-2

and 2-by-1 sum-pooling window sizes. Second, alternating every n layers with window

sizes 2-by-2 and 2-by-2 serves as a regularization technique, since larger windows tend

to yield shallower DAGs. Third, the known vanishing gradient problem in SPNs [70]

seems to be alleviated by alternating window sizes as above, since this has the effect

of creating branches of different lengths. This is similar to how shortcuts work in

residual networks [37]. Fourth, the vertical and horizontal windows of 1-by-2 and

2-by-1 leverage local structure in the image data in both directions. Fifth, accuracy

was improved by using height-by-width instead of a 1-by-1 filter, that is, no sharing

of parameters was more effective than sharing parameters. A similar finding was

observed in [76].

DCSPNs left-complete well on a small dataset. The Caltech Dolphin dataset only

contains 65 images. Nevertheless, DCSPNs performed quite well, as exemplified by

the MSE scores in Table 10.2 and by the left-completions illustrated in Figure 10.6.

On the contrary, DCSPN completions admittedly look as though they are some-

times composed of random blocks of high frequency. To mitigate this, a low pass

Gaussian filter can be applied as a smoothing post-processing step. This simple tech-

nique lowers the DCSPN MSE score in Olivetti left-completion in Table 10.1 from

910 to 802.

We also tried other common CNN techniques, such as average-pooling instead of

sum-pooling layers, sharing parameters in convolutional layers, batch normalization,

and dropout, but did not observe any significant improvement. It is noted that
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dropout was successfully applied in SPNs for image classification [68].

10.6 Conclusion

Deep convolutional sum-product networks (DCSPNs) can form rich DAG struc-

tures of convolutional and sum-pooling layers, while still being valid SPNs. As a

tractable generative model, DCSPNs can perform efficient probabilistic reasoning,

including marginal inference and approximate MPE inference. On the other hand,

as a CNN, DCSPNs can build deeper structures using both vertical and horizontal

sum-pooling windows, which leverage local structure in the image data. Practical

applications of DCSPNs include image completion and image sampling. DCSPNs

are flexible in that they allow for an alternative learning method based on differen-

tiable MPE. Relationships between this learning approach and learning in GANs are

discussed.

Experimental results show that DCSPNs results are competitive to state-of-the-

art. For example, Table 10.1 reports the MSE scores for image left-completion in

the benchmark Olivetti Face dataset. Applying a simple low pass filter as a post-

processing step lowers the DCSPN MSE score down to 802.
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Chapter 11

Future Work: Focused Learning in

Sum-Product Networks

11.1 Introduction

We suggest a general two-phase method for further improving the accuracy of a

learned SPN by detecting underperforming input variables and focusing learning only

in the marginal formed by these variables. Consider an SPN learned over a dataset

by maximizing the likelihood of the dataset over the network parameters. Moreover,

consider an accuracy metric which uses a probabilistic inference task. We suggest two

main phases: (i) detecting the underperforming variables; and, (ii) learning on them.

For (i), we suggest using a performance threshold to partition the SPN variables into

low- and high-performing groups. Here, the low- or high-performing variables define

the low- or high-performing marginal, respectively. Using only the threshold might

yield marginals with variables that are not correlated to each other, which goes against

our goal of focused learning. To mitigate this scenario, we cluster together under-

performing variables to create multiple size groups. Next, we introduce a cluster size

threshold to consider only groups of that size or larger. For (ii), we perform marginal

likelihood maximization. Here, the underperforming variables are considered missing

from the dataset. In SPNs, missing variables are marginalized out of the underlying

distribution.

We demonstrate the practicality of our two-phase method in image completion.

An image completion is obtained from partial evidence by computing the MPE. Thus,

the mean squared error between the MPE completion and the original image is the
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Figure 11.1: An SPN S over RVs X = {X1, X2}.

accuracy metric. Low- or high-performing variables are good or poorly completed

pixels accordingly to the performance threshold. Clusters of good and poor pixels

can be formed using a spatial distance algorithm. Then, the cluster size threshold is

applied leaving only large clusters of poor pixels. Lastly, by considering the poor pixels

missing from the dataset instances, we perform marginal likelihood maximization.

Figure 11.2: Two-phase method for focused in learning. Let x be an instance from
the dataset. Phase 1 detects underperforming variables by using an accuracy metric
with a performance threshold p and clustering them in large groups as determined by
a cluster-size threshold c. Phase 2 maximizes the marginal likelihood from Phase 1.
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11.2 A Two-Phase Method for Focused Learning

First, we recall that valid SPNs can be learned by maximizing the likelihood of a

dataset over the network parameters. Given a dataset D = {x1,x2, . . . ,xL} with L

i.i.d. instances and an SPN S over variables X, learning the sum node weights W of

S corresponds to maximizing the likelihood L:

max L(W; X) =
L∏
l=1

S(xl|W). (11.83)

Finding derivatives in SPNs is straightforward using backpropagation [70, 16]. There-

fore, gradient methods such as gradient descent or expectation-maximization can be

used to solve (11.83). Moreover, the structure of an SPN can be learned by using a

divide-and-conquer approach [31, 80].

Various types of probabilistic inference query can be answered in an SPN, in-

cluding computing the probability of evidence, marginals, most probable explanation

(MPE), and generating samples. Given an SPN S over variables X, we consider four

types of SPN queries:

• Evidence. Input: x ∈ X. Output: S(x);

• Marginal. Input: Y ⊆ X. Output: S(y);

• MPE. argmaxx∈XS(x); and

• Samples. x ∼ S(X).

These queries can be used in various applications to measure specific task accuracy.

For instance, in image completion, accuracy can be measured by the mean squared

error between a given image and a completion obtained with MPE.

If we have a method for detecting underperforming input variables, then we could

improve the SPN accuracy for an application by focusing learning in the marginal

defined by these variables.

We formulate a two-phase method for detecting underperforming variables and

focusing learning on them. This method is summarized in Figure 11.2.

We now describe the first phase. Detecting underperforming variables involves

using an accuracy metric and clustering. First, given an SPN S and a dataset instance
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x, the accuracy metric should compute a discrete measurement of quality, for each

input variable X ∈ X. The metric can involve one or more inference queries in its

computation. Then, a performance threshold p is applied to create a bipartite map

of the input variables. Here, variables with an accuracy measurement below p are

considered underperforming; otherwise, they are high-performing.

We want to cluster the underperforming variables together in order to focus learn-

ing on them. We use a clustering algorithm appropriate for the application. For

instance, in image applications, clustering by spatial distance might be beneficial.

Let the size of a cluster be the number of variables within its group. A cluster-size

threshold c is used to select large clusters. Thus, the output of the first phase are

large clusters of underperforming variables. These clusters together form a marginal

P (Y), with Y ⊂ X, of the SPN joint probability distribution S(X). We call P (Y) a

underperforming marginal.

The second phase performs focused learning. Here, the underperforming marginal

P (Y) from the first phase is the learning goal. The optimization problem is similar

to (11.83), but instead of maximizing the likelihood, we use marginal likelihood:

max L(W; Y) =
L∏
l=1

S(yl|W). (11.84)

In SPNs, missing variables are marginalized out of the underlying distribution [70].

We assume that variables Y are missing, yielding partial evidence yl, even though

the dataset instances specify complete evidence xl.

Algorithm 7 formalizes this two-phase learning method. The function accuracyMetric

uses a probabilistic inference query to compute a performance measurement, for each

input variable X ∈ X. Moreover, accuracyMetric outputs the bipartite map with

low- and high-performing variables based on the performance threshold p. The func-

tion largeClusters uses a clustering algorithm to group underperforming variables.

Then, largeClusters outputs the large clusters based on the cluster-size threshold c.

Lastly, Algorithm 7 learns new parameters W′ and updates the SPN S with W′.

11.3 Improving Image Completion

In this section, we show how the two-phase method can be used to improve SPN

performance in image completion.
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Algorithm 7 Focused Learning

Input: an SPN S(X; W), dataset D, performance threshold p, cluster-size thresh-
old c
for x ∈ D do

. Phase 1
M = accuracyMetric(S(x),D, p)
C = largeClusters(M, c)

. Phase 2
W′ = argmaxw∈WS(C|w)
Update S with W′

Return S

The motivation for further improvement comes from completions with local visual

imperfections.

Example 89. Consider the task of image completion illustrated in Figure 11.3 taken

from [5]. Figure 11.3i is the original image. Consider the bottom-half missing. We

use MPE to complete the missing part as shown in Figure 11.3ii. Although it seems

that MPE is correctly completing the face, the completion itself looks blocky.

These local imperfections are mostly due to structural characteristics of the learned

SPN [70, 5]. In image completion, SPN graphs are usually designed in a way to cap-

ture local structure in the image [70, 25, 5]. While capturing local structure helps

with generalization, it can also lead to local imperfections when learning challenges

are observed, such as local noise or over- and under-fitting.

Given a dataset D of L images {x1,x2, . . . ,xl}, consider each pixel being a RV

X ∈ X and each RV having an univariate leaf distribution. We learn the parameters

W of an SPN S(X) by maximizing the likelihood of D over W using (11.83). Image

completion can be performed with MPE on S. First, an image with missing pixels

is provided. Missing pixels are seen as variables to be marginalized. In practice, this

corresponds to leaf distributions assuming value 1. An upward phase in the SPN is

performed with max functions instead of sum nodes [70]. Then, a downward phase

is performed by choosing all children for product nodes and the maximizing child for

max nodes. The maximizing value (mode) of the leaf distributions in the missing

pixels form the MPE assignment for those variables.

We now show how to use the proposed two-phase method to improve local im-

perfections in image completion. In the first phase, we use the mean squared error
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(i) (ii)

Figure 11.3: The MPE bottom-half completion of (i) yields a blocky texture in (ii).

(i) (ii) (iii) (iv)

Figure 11.4: Detecting an underperforming marginal involves (i) clustering underper-
forming variables (colour green), (ii) focusing on the large clusters by ignoring small
clusters, as depicted in (iii). The underperforming marginal is given by the remaining
clusters, as shown in (iv).

between the original image and the completion as the accuracy metric. In this way,

we can measure the performance of each pixel individually. Assuming a performance

threshold p applied with the accuracy metric to each pixel, a bipartite map is gener-

ated with low- and high-performing variables. This map is illustrated in Figure 11.4i,

where the colours green and blue are low and high-performing variables, respectively.

A clustering algorithm based on spatial distance is more appropriate to gather groups

of pixels in two-dimensional images, such as DBSCAN [27]. In order to focus learn-

ing in general underperforming areas, our goal is to consider only large clusters, as

highlighted in Figure 11.4ii. For that, we use a cluster-size threshold c to select only
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large clusters, as shown in Figure 11.4iii. Thus, the final underperforming marginal,

illustrated in Figure 11.4iv, is formed by the underperforming variables from the large

clusters.

In the second phase, we perform marginal likelihood maximization as shown in

(11.84). Here, the marginal considered is the output of the first phase. The underper-

forming pixels are considered missing from the input image. On the other hand, the

high-performing pixels are considered evidence. As similarly done in MPE, missing

variables are marginalized out of the SPN distribution, yielding value 1 for each of

the missing variable’s leaf distribution. Lastly, the SPN weights are updated with,

for instance, gradient descent.

11.4 Discussion

In this section, we discuss one striking feature of the proposed method and as well

as one drawback.

The two-phase method for focused learning is favorable in some practical aspects

such as controlling overfitting with thresholds. Detecting underperforming variables

involves using two threshold values, namely, the performance and the cluster-size

thresholds. The performance threshold directly impacts the number of initial clus-

ters since more underperforming variables facilitates more groups. The cluster size

threshold influence the generality of focused learning procedure. The more small clus-

ters that are avoided, the less specific that learning pass will be, since it will focus

on fewer variables. Both thresholds act as a regularization parameters which might

avoid overfitting. Future work will report on an empirical investigation on choosing

the values of both thresholds.

On the other hand, the two-phase method can negatively disturb the distribution

of the original SPN S. Maximizing the marginal likelihood does not necessarily

achieve the same solution as maximizing the SPN likelihood. In fact, this scenario is

very unlikely. On the contrary, [76] has observed that maximizing the marginal can

yield favorable results, compared to when the SPN likelihood is being maximized.
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11.5 Conclusions

In this chapter, we suggested a two-phase method for focused learning. The main

idea is to improve the performance of a previous learned SPN on a specific task.

The first phase of the method detects underperforming variables by using a accuracy

metric involving one or more probabilistic queries, and by applying a performance-

threshold. The output of the first phase is a underperforming marginal. Then, a

second phase updates the SPN weights by maximizing the marginal likelihood. Here,

missing variables are marginalized out during learning. A characteristic of the two-

phase method is the ability to control overfitting using its two thresholds. On the

other hand, there is a risk of negatively disturbing the given SPN when maximizing

the marginal instead of the SPN likelihood. Future work will empirically evaluate the

two-phase method.
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Chapter 12

Conclusion

Bayesian networks (BNs) and sum-product networks (SPNs) are two probabilistic

graphical models for reasoning under uncertainty. In BNs, independencies among

random variables are clearly defined by a directed acyclic graph, but inference is,

in general, NP-hard. On the other hand, SPNs allows for tractable inference, while

incorporating latent random variables that makes the model less clear.

We make several contributions in this thesis culminating with a powerful variation

of SPNs, called deep convolutional sum-product networks. We start by introducing

Darwinian networks, an alternative representation to BNs, which led to a new algo-

rithm for testing independencies, namely rp-separation. Note that another practical

application of DNs was simple propagation [10], which is the current state-of-the-art

join tree inference algorithm in BNs.

Next, we suggest a clarification for scope inconsistencies in an SPN compiled from

a BN. We also empirically explore learning SPN structure from data. Finally, we

introduce DCSPNs as a deep tractable model for probabilistic inference. DCSPNs

exploit the commonly used tensor libraries for neural networks, while still guarantee-

ing correctness as a PGM. Experimental results show that DCSPNs are comparable

to state-of-the-art methods in image completion tasks.
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